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The isothermal and isochronal recrystallisation characteristics of a 
series of alinainium-zirconium dispersion alloys have been investigated as 
a function of the particle size, the interparticle spacing, the matrix grain- 
size and the amount of prior cold-deformation. The investigation was 
based on the use of hardness measurements and metallographic examinations 
at various stages of the recrystallisation process. Particle characteristics 
were determined by quantitative metallography techniques.
Recrystallisation was accelerated as the particle size increased (for 
approximately similar centre-to-centre nearest neighbour spacings), or as 
the number of particles increased (for similar particle sizes) when the 
dispersion consisted of widely spaced coarse particles (for centre-to-centre 
nearest neighbour distances in the range 7 to 15 microns). This particle- 
accelerated recrystallisation was found to be associated with an increased 
nucleation rate, a relatively unchanged growth rate, and a decreased sensitivity 
to changes in the matrix grain-size as the particle content increased (i.e. as 
the interparticle spacing decreased).
In the case of finer dispersions it was found that recrystallisation was 
severely retarded as the interparticle spacing was decreased below approximately 
3 microns. In particular, an alloy containing fine particles, at a centre-to- 
centre nearest neighbour distance of 1.75 microns, was not fully recrystallised 
after having been held at 375°C for a week following a room temperature rolling 
reduction of 60% in thickness. This retardation of recrystallisation was found 
to be associated with marked reductions in both the nucleation and growth rates 
of the recrystallising grains.
It was found that the final recrystallised grain-size of the alloys decreased 
as the particle content increased in the acceleration region, but increased as 
the particle content increased in the retardation region. The finest grain-size 
was, therefore, produced in an alloy for which the recrystallisation rate 
was the most rapid. The results are shown to be consistent with the Mould-Cotterill 
hypothesis for the recrystallisation of dispersion alloys.
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APPENDIX. . . .  A1
J L.  L l l M A l U K H  O U n V J I I
1 .1 .  Introduction and classification of phenomena.
It has been known since prehistoric tim es that metals can be softened by 
heating. But, it was not until 1926 that recrystallisation was recognised  
as a nucleation and growth process by which a stable nucleus is first formed 
and then grows through the deformed material (1). Since then, a considerable 
quantity of investigations has been carried out and several reviews (2-5) on 
the subject have been written. The development of high-resolution m icroscopy 
techniques in recent years has provided detailed evidence of the structure 
of deformed metals and of the changes it undergoes during annealing.
The structural damage produced when a metal is  cold-worked leads to 
a substantial strain energy stored in the lattice. Such a condition is  thermo­
dynamically unstable relative to the undeformed state. The deformed metal, 
therefore, tries to revert to a state of decreased internal energy. This 
cannot occur spontaneously but only at elevated temperatures where the 
thermally activited structure-repairing mechanisms can take place. The 
structure is renovated by a combination of three processes: recovery; 
recrystallisation; and grain growth. The driving force for both recovery and 
recrystallisation is provided by the high internal energy of the deformed metal 
while that for grain growth is  provided by the interfacial energy of the grain 
boundaries in the recrystallised state .
The following classification of the processes involved is  based on that 
given by Cahn (6).
Recovery applies to all those changes which do not involve the migration of 
high angle boundaries throughout the whole of the deformed structure. The 
deformed crystal (or polycrystalline aggregate, therefore, retains its basic  
identity, although the density and distribution of internal defects change.
Recrystallisation applies to those stages in which the crystal orientation of 
any region in the deformed metal is  altered, maybe more than once, by the 
passage of high angle grain boundaries through the m aterial.
In primary recrystallisation, new grains are first nucleated and then 
grow at the expense of the deformed material until it has all been consumed. 
This stage is then complete and the metal has a minimum re crystallised grain
s iz e .
Grain growth involves the farther migration of grain boundaries at a 
reduced rate throughout the structure.
In normal grain growth, a ll boundaries migrate at approximately equal 
rates to produce a roughly uniform grain size at any instant. The final 
structure consists of a sm aller number of grains, the average size  of which 
is  larger than at the end of primary recrystallisation.
Grain growth is occasionally restricted to a sm all number of boundaries 
so that a few grains become very large at the expense of the re s t . This 
production of a coarse non-uniform structure is  termed secondary 
recrystallisation (or abnormal grain growth).
The term  recovery is  also often applied to the gradual return of physical 
and mechanical properties to values characteristic of the undeformed state, 
irrespective of the mechanism by which this change is brought about. The 
reference state is  always the completely recrystallised condition.
1.2 .  The structure of deformed m etals.
1 .2 .1 .  Work-hardening.
The properties of a metal are altered when it is  deformed at temperatures 
which are low relative to its melting point i . e .  yield strength, tensile strength, 
hardness and electrical resistiv ity  increase; the ductility and density decrease. 
The changes in mechanical properties are of particular importance in industrial 
practice as the rate at which a metal hardens during cold-work influences 
both the power required and the method of deformation in the shaping operations, 
while the extent of the hardness governs the frequency of annealing operations 
to enable further working of the metal.
The multiplication of dislocations during plastic deformation increases the 
stress necessary for dislocation motion. The magnitude of hardening depends 
sensitively on the distribution of dislocations. Taylor (7) proposed that some 
dislocations become lodged in the lattice and act as sources of internal s tress  
which oppose the motion of other dislocations. A ll subsequent theories of 
work-hardening are based on this hypothesis, differing only in the manner in 
which dislocations interact to cause the reduction in mobility.
The stress-stra in  curve typical of a F .C .C .  single crystal is  shown in 
Figure 1. Three regions of hardening are experimentally distinguishable.
Stage I, or the easy glide region, is  characterised by a low rate of 
work-hardening immediately after the yield point. The extent of this region  
is  dependent on the orientation and purity of the crystal, the temperature and 
the specimen dim ensions.
Stage II, or the linear hardening region, shows a rapid increase in work- 
hardening at an approximately constant rate which is  independent of the 
above factors.
Stage III, or the parabolic hardening region, exhibits a low rate of work- 
hardening. The start of this region is  strongly temperature dependent.
Stage I occurs in crystals oriented for glide in a single slip system .
The dislocations mainly glide out of the crystal at the free surface, as in ­
dicated by the slip-line pattern which is  of fine slip with very long slip  lines  
comparable with the diameter of the specim en.
Stage II is  characterised by the occurrence of slip on secondary as well 
as primary slip sy stem s. Several new lattice irregularities may then be 
formed, including forest dislocations, Lomer-Cottrell barriers and jogs.
Each of these forms the basis of separate mechanisms for Stage II hardening 
in which the flow stress is controlled either by long-range stresses  from  
piled-up groups of dislocations (8), or by sess ile  jogs on gliding dislocations (9), 
or by the bowing-out of lengths of dislocation in the network (10). The 
hardening rate depends on the arrangements of dislocations assum ed.
Smallman (11) suggested that none of the proposed mechanisms is  able to 
explain satisfactorily all the experimental observations, and that a composite 
theory combining suitable segments of the individual mechanisms may be more 
successfu l. The length of slip -lines decreases during Stage II.
During Stage III, the rate of work-hardening is  lower than in Stage II, 
mainly because screw dislocations can cro ss-slip , and therefore by-pass, 
the obstacles that hindered dislocation motion in the previous stage. This 
leads to a substantial increase in the length of slip -lin es, which are interconnected 
with short cross-slip  lin es.
Metals with a cubic structure are capable of deforming in a complex manner 
on more than one slip system , resulting in the behaviour outlined above for 
single crysta ls. For polycrystalline specim ens, only Stage III behaviour occurs 
from the beginning of deformation. Such metals normally show a strong work- 
hardening behaviour. Metals with a hexagonal structure slip only on those 
planes parallel to the basal plane at low tem peratures. They have single 
crystal stress-stra in  curves sim ilar to Stage I for F .C .C .  single crysta ls, 
and have a low rate of work-hardening. In polycrystalline hexagonal specim ens, 
plastic deformation is much more complicated and additional deformation 
mechanisms, such as twinning, operate.
• 1*2.2. M icrostructure.
1 .2 .2 .1 .  Examination by X-ray techniques.
Gay, Hirsch and Kelly (12) used a m icro-beam Debye-Scherrer X-ray  
technique to examine the sub-structure of deformed m etals. They concluded 
that dislocations lie mainly in boundaries which occupy about one-half the
total volume in copper and one-fifth in aluminium. Honeycombe et a l. (13) 
applied the Berg-Barret technique to aluminium, and found lattice rotations 
in regions separated by kink bands together with lattice misorientations 
parallel to the primary glide plane. This type of structure is  found soon 
after the end of Stage I.
Kink bands have been examined by measuring the asterism  of Laiie spots.
A sm all but measurable amount of asterism  occurs in Stage I (13). The 
extent of the asterism  increases slowly in Stage II, and very rapidly in 
Stage III. The nature of the lattice rotations leading to asterism  are poorly 
understood.
1 .2 .2 .2 .  Examination by transm ission electron m icroscopy.
Thin-film electron microscopy has been used to study specific dislocation  
reactions in work-hardened single crystals, and the sub-structure formed 
when polycrystalline specimens are deformed. However, this technique, 
although attractive, has two major cr itic ism s. F irstly, the size of specim ens 
which can be examined makes it im possible for any one micrograph to be 
typical of the dislocation arrangement within a large bulk of m aterial. Secondly, 
dislocations may be lost from the foil either during its preparation or later .
Heidenreich (14), using electron m icroscopy, showed that the regions inside 
the grains of deformed high-purity aluminium are broken up into an arrangement 
of slightly misoriented c e lls . The first detailed description of a ce ll structure 
was given by Gay et a l. (12) (Section 1 .2 .2 .1 ) .
Very low amounts of deformation produce random slip-line traces on the 
thin-foil micrograph. But increasing the deformation produces a larger number 
of dislocations and a cell structure form s. The following summary of the 
main features of the cell structure in F .C .C .  metals is  due to Swann (15):
(i) The cell size  is independent of the initial grain size and decreases
to a lim iting value after a certain strain. (Figure 2).
(ii) The limiting value of the cell s ize  increases with the softness of
the m etal.
(iii) The width of the cell walls increases with the hardness of the
m etal.
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The cell interiors are relatively free from dislocations, whereas the walls 
are regions of high dislocation density. There is  a general tendency for 
cell walls to lie  parallel to low index planes in F .C .C .  metals i . e .  
alignment is common along { 100}  , { 110}  and H  planes in
aluminium (15). It also seem s to be a general rule that a sm all ce ll size  
is  associated with more ragged cell w alls. Weissmann et a l. (16) observed 
that the misorientation across cell walls in aluminium was sm all when the 
cell structure was first formed, but that the walls became more delineated 
as the deformation increased. Bailey, however, reported that misorientations 
in silver (17) and copper (18) were too sm all to be detected by diffraction 
techniques, and they were, therefore, taken as le ss  than 2°.
Keh and Weissmann (19) reviewed the formation of cell structures in 
B.C.C.  m etals, and reached sim ilar conclusions to those of Swann for F .C .C .  
m etals. As with F .C .C .  m etals, when the cell structure has formed, further 
deformation causes a decrease in cell s ize to a limiting value of about 2 microns 
(Figure 3).
The lack of study of the deformation sub-structure of polycrystalline CPH 
metals by this technique is  due to the tendency for recovery to occur during 
the thinning of specimens at room temperature. Other factors are the large 
amounts of deformation which can occur by basal glide, and the occurrence 
of an alternate deformation mechanism, twinning.
1 .2 .3 .  The internal energy of deformed meta ls .
1 .2 .3 .1 .  Structural asp ects.
When a metal is  cold-worked, most of the energy appears as heat, but a 
sm all fraction is  stored within the metal as strain energy. It is  this stored  
energy of cold-work which provides the driving force for recovery and 
recrystallisation, and it is  associated with the increased number of dislocations, 
stacking faults, and point defects. The amount of energy retained depends on 
the deformation process, the deformation temperature and the composition of 
the metal (20). Figure 4 indicates that the stored energy of cold-work increases  
with increasing deformation but at a decreasing rate .
The dislocation density of metals increases from values such as 10 -  10
2 10 12 2 dislocations/cm  for annealed metals to 10 - 10 dislocations/cm  for
heavily deformed m etals. During the rapid hardening of both single crystal
and polycrystalline specim ens, the dislocation density is  related to the applied
stress as follows (17-19):
'ha  = a. pb p L • • • ( ! )
where a  = applied stress  a- = content (0.2 - 0.3)
shear modulus b = Burger's vector
p = dislocation density
Nabarro et a l. (21) have reviewed the theoretical models proposed for this 
relationship. An important difference between the behaviour of polycrystalline 
and single crystal specimens is the observation that the dislocation density 
of the former reaches a limiting value, whereas that of the latter does not (22).
Seitz (23) has shown that an increased vacancy concentration due to deformation 
contributes to the total stored energy in a m etal. The effect, however, of the 
formation of interstitial atoms on stored energy is  unknown, although it can be 
assumed that vacancies with le ss  associated strain energy w ill be found in 
greater numbers than interstitial atoms during cold-working.
The formation of stacking-faults during deformation can contribute greatly to 
the total stored energy, especially in those metals which have a low stacking- 
fault energy. (See section 1 .2 .4 .1 ) .
1 .2 .3 .2 .  Experimental asp ects.
The stored energy of deformed metals has been measured by the following main 
techniques:
(i) measurements of the difference between the heat evolved during 
deformation and the work done on the specimen;
(ii) differential calorim etry, i . e .  the difference in power supplied to 
heat a deformed and a fully annealed specimen is measured; and
(iii) solution calorim etry, in which the heat of solution on dissolving  
deformed and undeformed specimens is  compared.
A review of experimental data has been made by Titchener and Bever (45).
The use of these techniques has enabled the following conclusions to 
be made about the stored energy of deformed metals:
(i) The absolute value of the stored energy increases as the strain  
increases. For polycrystalline; aluminium and copper, it 
reaches a lim iting value, whereas for single crystal specim ens 
it does not. (22).
(ii) The proportion of the total energy which is stored decreases as 
the strain in crea ses .
(iii) The amount of stored energy increases as the melting point of 
the metal in crea ses .
The attainment of a lim iting stored energy value, at high strains, in 
polycrystalline specim ens is  associated with the restriction to dislocation  
movement imposed by grain boundaries (24). Dislocation density measurements 
also show a limiting value in polycrystalline specim ens (24). In single 
crystals, dislocation multiplication leads to high energy configurations on a 
sm all number of planes.
1 .2 .4 .  Factors affecting the structure of deformed m etals.
1 .2 .4 .1 .  The stacking-fault energy.
A stacking-fault within a metal crystal is  bounded by partial dislocations 
(25). The width of the fault is  inversely proportional to the stacking-fault 
energy of the m etal. Metals such as copper, with low stacking-fault 
energy values, produce wide stacking-fault ribbons, making cro ss-s lip  
difficult during deformation. In metals with high stacking-fault energy 
values, such as aluminium, cross-slip  can occur at room temperature. The 
general structure of a cold-worked metal is , therefore, influenced by its  
stacking-fault energy.
The dislocation density of a deformed metal increases as the stacking- 
fault energy increases at constant strain (26). A lso, the stored energy 
increases as the stacking-fault energy decreases for a wide range of m etals (26).
The sharpness of the cell walls formed during deformation varies from  
metal to metal in a way which correlates with the stacking-fault energy.
Hirsch (27) has inferred that a cell structure results from the ability of screw
dislocations to cro ss-slip  out.of their original slip planes and arrange 
them selves into very localised regions which form the walls of relatively  
strain-free ce l l s .  Well-defined cell structures are consequently found in 
metals with high stacking-fault energy values (e .g .  Al, Ni, Fe).
1 .2 .4 .2 .  Solute atom s.
Gay et a l. (12, 28) were the first to report that solid-solution elem ents 
reduce the cell size  in deformed m etals. Investigations on silver  and nickel 
solid-solution alloys (29) concluded that increasing the solute content leads 
to a decrease in the stacking-fault energy, which in turn influences the cell 
s iz e . Swann (15) regards the stacking-fault energy as the principal factor 
determining the dislocation density in such a lloys.
The behaviour of solid-solution alloys based on solvents with a high 
stacking-fault energy is  le ss  clearly understood. The low solubility of 
most elem ents in aluminium alloys at room temperature is  such that it is  
necessary to quench from elevated temperatures to retain a range of solid- 
solution compositions. This introduces large numbers of defects (e .g .  
vacancies) into the structure with the consequent formation of dislocation  
loops which interfere with the normal processes of cell formation (30).
The strain required to form a cell structure in a quenched m aterial is  
greater than in a slowly cooled one, since the mobile dislocations interact 
with vacancies to produce jogs. These, in turn, reduce the mobility and slip  
distances of the dislocations (31).
BCC metals are usually considered to have high stacking-fault energy 
values, and they normally exhibit a well-defined structure in the deformed 
condition. However, the addition of 3% silicon to pure iron lowers its  
stacking-fault energy by about four-fifths, the dislocation distribution a lters, 
and the ce ll size  becomes sm aller and le ss  well-defined (32).
The general rule seem s to be that increasing the solute content of an alloy  
increases the dislocation density and stored energy for any given state of 
strain, regardless of lattice type and/or stacking-fault energy. Examples 
have been quoted in aluminium (15), iron (19, 32) and nickel (33).
1 .2 .4 .3 .  Second -phase particles.
When a finely-divided second-phase is  distributed in a m etallic matrix, 
an alloy is formed which is considerably stronger than the matrix itse lf.
Several mechanisms for the increased work-hardening capacity of such alloys 
have been postulated (34-36), and it is  evident that dispersed particles exert 
a major influence on the nature of the cold-worked structure.
The size and spacing of dispersed particles determine the extent of 
their effect on dislocation distribution after cold-work. In precipitation 
alloy system s, the nature of the matrix and/or particles appears to be of 
minor importance provided the interface is  incoherent. The important 
parameter appears to be the particle size .  Swann (15) has shown that, in 
aluminium-copper alloys, coarse, widely-spaced particles promote the 
formation of a cell structure since they act as dislocation sources and 
determine the position of the cell w a lls . Fine particles ( <  1 micron diameter), 
however, appear to inhibit cell structure formation during deformation. In 
this case, the deformation required to initiate a ce ll structure is  greater, and 
the cell s ize  is  sm aller for any given strain, than in the corresponding single 
phase m etal. A lso, the dislocation density is  increased, compared with the 
single phase metal, and a larger proportion of dislocations are situated inside 
the cells  instead of the cell w alls. As the deformation increases, the 
distinction between cell-interiors and cell walls becomes le ss  clear, and the 
concept of a cell-structure does not apply. This effect has been found in 
many system s, including Cu-Co (37), Al-A^O^ (38) and Cu-A^O^ (39).
Barton and Ansell (40) investigated the behaviour of alum inium -silver 
alloys under conditions in which the particle/m atrix interface was coherent.
In their specim ens, the precipitate was present as platelets within which a 
sub-structure was visible after deformation.
Sundberg et a l. (143) reported that the deformation sub-structure in 
their Al-Zr alloys varies,w ith  the precipitation structure. Between the fan­
shaped arrangements of precipitates, they found fine, well-developed sub­
grains. A high, homogeneous dislocation density but no sub-grain formation 
was found where the fan-branches lay densely. When the precipitate arms 
are widely separated, sub-grains form between them. In areas with sm all
precipitates, they observed the pinning of sub-grains and dislocations by 
the particles.
1 .2 .4 .4 .  G rain-size.
In iron (19) and copper (41), the dislocation density after deformation has 
been found to be greater for fine-grained specimens than for coarse ones.
An explanation for the variation of dislocation density with grain-size is  
given by Conrad and Christ (43) in term s of the average distance moved by 
dislocations. Interpreting the results on iron, they found that
S =  k . dn . . . ( 2 )
and e = a  p bs . . .  (3)
where S = average distance moved by dislocations during deformation;
and n = constants varying with strain; 
d = grain size; 
b = Burger's vector; 
e = strain;
p  = dislocation density;
a  = constant relating tensile strain to shear strain.
Combining (2) and (3), they obtained an expression relating dislocation density 
and grain-size, as follows:
p = e . 1 . . .  (4)
a k ,  b ,n I d
Their values are plotted in Figure 5, where it is  apparent that the dislocation  
density becomes le ss  sensitive to changes in grain-size as the strain in creases.
It has also been found that the stored energy of deformed m etals increases  
as the grain-size decreases (44, 45). Conrad and Christ (43) examined the 
results of Clarebrough et a l. (41) for copper and derived the following equation 
relating grain-size and stored energy:
E = e . 1 . . .  (5)
k2 b dn
where E = stored energy released during primary recrystallisation  
k  ^ = constant relating stored energy to dislocation density.
Their results are shown in Figure 6.
Despite its effects on dislocation density and stored energy, it has been 
reported that the ce ll size  of deformed metals does not vary with the initial 
grain-size (12, 28, 41).
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1 .3 .  Recovery.
1 .3 .1 .  Recovery of m icrostructure.
Cahn (46, 47) studied the effects of annealing bent single crystals of 
zinc, aluminium, magnesium and sodium chloride. By using the Laue 
method of X-ray diffraction, he observed the formation of sm all-angle 
sub-grain boundaries which separate strain-free sub-grains. He termed 
this polygonisation. Reflections from the bent single crystals took the form  
of continuous asterated spots. On annealing, these asterism s disintegrated  
into a ser ies  of discrete spots, each of which originates from a perfectly  
polygonised sub-grain. Cahn proposed that the basic movement in the 
process is  one of climb, by which the excess dislocations causing lattice 
curvature during bending re-arrange them selves into w alls or tilt-boundaries 
normal to the Burger's vector. This is  illustrated in Figure 7. The tilt-  
boundaries have a lower overall strain-energy than the more random dislocation  
arrangement formed during bending. This reduction in strain-energy  
provides the driving force for polygonisation.
When all the dislocations have aligned them selves into tilt-boundaries, 
polygonisation continues by the progressive merging of two or more sub- 
boundaries to form a single tilt-boundary. The driving force for this is  
derived from the progressive reduction of the boundary area per dislocation  
within the boundary as the number of dislocations within the boundary in creases.
Since it involves dislocation climb, which depends on the migration of 
vacancies, relatively high temperatures are required for a,rapid rate of 
polygonisation. At lower; temperatures, other processes which lower the 
lattice strain energy are of greater importance. These are considered to be 
a matter of reducing the number of point defects to their equilibrium value (6).
It has been discussed in section 1 .2 .2 .2 .  that the dislocations produced 
during plastic deformation are already partially arranged in sub-boundaries 
giving diffuse cell structures, the sharpness of the cell structure depending 
on the stacking-fault energy of the m etal. During subsequent recovery  
treatments, these cell-w alls sharpen, and the cells  grow larger as their 
interiors are depleted of dislocations. The mechanism by which the cell-w alls  
sharpen and grow is  a complex form of polygonisation (6). Since dislocations
are present on several slip planes, the cell-w alls cannot be simple tilt-  
boundaries. They are, however, very sim ilar as both cell-w alls and 
tilt-boundaries appear in the form of rows of etch pits on an etched section  
(48). The dislocations can reduce the stored energy by mechanisms such 
as mutual annihilation or alignment into regular arrays. Polygonisation of 
edge dislocations takes place by climb, and screw dislocations form sub- 
boundaries by thermally-activated cro ss-s lip . The growth of some sub­
grains at the expense of others is  analogous to the growth of polygonised 
sub-grains by the merging of pairs of tilt-boundaries. Adjacent sub-boundaries 
merge because the boundary energy per dislocation in the boundary decreases  
with increasing angle of m isorientation. Unlike simple tilt-boundaries, these 
boundaries increase in mobility with increasing misorientation. Sub-grain 
growth has also been observed to occur by coalescence of neighbouring grains 
by a process of climb and sub-grain rotation (49). Both the merging of sub­
boundaries and sub-grain coalescence may be important in the nucleation of 
a recrystallised grain. (See section 1 . 4 .2 .3 . )
The basic differences between the formation of a sub-structure by poly­
gonisation and the cell structure formed during cold-work have been summarised  
by Byrne (50), as follows:
(a) In polygonisation, an excess of one type of dislocation is  required.
(b) Polygonisation is  not produced directly during low temperature 
cold-work, whereas sub-grains do originate during cold-work.
(c) Polygonisation requires either an elevated temperature anneal, 
or concurrent creep, or deformation at an elevated temperature; 
deformation sub-grain formation does not.
(d) The size of the polygonised sub-structure is  often an order of 
magnitude larger than that of a typical sub-grain formed during 
cold-work.
1 .3 .2 .  Recovery of stored internal energy.
Although the changes involved in recovery and recrystallisation differ 
considerably, the driving force in each case is  the reduction of the high 
internal energy of the deformed condition. On annealing, the stored energy 
due to cold-work is released as heat, which can be measured in very sensitive
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Gordon (20) studied the isothermal annealing of high-purity copper, 
previously deformed in tension at room temperature. Typical curves are shown 
in Figure 8. The energy is  released in two stages, the first being associated  
with recovery, the second with recrystallisation. Similar effects have been 
reported for high-purity silver (17).
Clarebrough et a l. (51, 52) determined the stages of stored energy release  
for both copper and nickel. Figures 9 and 10 correlate the energy release  
with the changes in other physical properties. For nickel, there are three 
fairly precise stages, the first two being associated with recovery, and the 
last with recrystallisation. For copper, the energy release due to recovery  
is  either absent or spread over a long temperature range.
In general, it is  thought that the energy released during recovery is  
associated with the annihilation of vacancies and the re-arrangement of dislocations, 
with or without the formation of a cell structure (54).
1 .3 .3 .  Recovery of mechanical properties.
Metals can be divided into two general groups in term s of changes in their 
mechanical properties during recovery. Metals with a low stacking-fault 
energy value usually show very little change in such properties for the reasons 
outlined in section 1 .2 .4 .1 .  In metals with a high stacking-fault energy value, 
dislocation re-arrangement can occur quite easily  within the deformed metal 
if the temperature is  high enough. Such metals can soften considerably during 
a low temperature anneal. Under favourable circum stances, the whole of 
the work-hardening can be recovered without recrystallisation occurring.
The general rule is  that the larger the deformation, the sm aller is  the fraction 
of recoverable work-hardening prior to recrystallisation. (6).
1 .3 .4 .  Factors which affect recovery.
Most of the factors which influence the cold-worked structure w ill also  
have an effect on either the degree of recovery of physical properties or the 
temperature at which recovery occurs.
The effect of stacking-fault energy on recovery has been discussed by 
McLean (55) and outlined in section 1 .3 .3 .  High stacking-fault energy metals 
can undergo considerable pre-recrystallisation softening under certain conditions.
Clarebrough et a l. (51) have observed that, for 99.6% pure nickel, the 
proportion of stored energy released on recrystallisation increases as the 
strain in creases. McLean (55) has combined the effects of stacking-fault 
energy and deformation on recovery as illustrated in Figure 11. In the high 
stacking-fault energy metal, recovery only precedes recrystallisation at low 
stra in s. However, recrystallisation always occurs before recovery in metals 
with a low stacking-fault energy value.
The effect of metal purity on recovery is  minor. There is  little recovery  
in low stacking-fault energy metals whatever the purity. For metals with a 
high stacking-fault energy, the value is decreased by solutes, but the trend is  
too sm all to cause a significant shift in the position of the curves in Figure 11.
The effect of increasing the purity could be to move the recovery curve to the 
left to a greater extent than the recrystallisation curve.
Clarebrough et a l. (44) investigated the variation of stored energy with strain  
for copper with grain -sizes of 0.15 mm and 0.03 mm. They found that both the 
total stored energy and the manner in which it was released depend on grain s iz e . 
For strains up to 38%, more energy is  stored in the fine-grained m etal. For 
strains of 50% and 70%, the total stored energy is  the same for both g ra in -s izes . 
The stored energy is  released more rapidly for the fine-grained m etal.
Although the stored energy is  independent of grain -size, they found that the 
recrystallisation temperature is  always lower in the fine-grained m aterial.
They suggested that the segregation of impurities at the grain-boundaries in 
the coarse-grained material could account for the anomalous recrystallisation  
behaviour at high stra ins. Similar results have been obtained by Loretto and 
White (57) for a higher-purity copper of grain -sizes 0.15 mm and 0.70 mm.
Titchener and Bever (45) found no influence of grain-size on stored energy 
for a silver-gold alloy after large deformations. This is  also consistent with 
the results of Clarebrough et a l. (44).
1.3.5. The influence of recovery on the driving force for primary
________recrystallisation._______________________
Vandermeer and Gordon (53), studying the stored energy release in zone- 
refined aluminium, and Mould and Cotterill (58), who studied the isochronal 
annealing of super-purity aluminium by micro-hardness distribution m easure­
ments, concluded that recovery continues until the whole structure has been 
consumed by the advancement of recrystallising grains. Figure 12 illu stra tes, 
schem atically the overlapping of recovery and recrystallisation.
Vandermeer and Gordon also carried out experiments to separate the two 
types of energy release due to recovery and recrystallisation. They clearly  
found that the occurrence of recovery decreases the driving force for 
subsequent recrystallisation. In those cases where recovery and recrysta lli­
sation occur simultaneously, the driving force for recrystallisation decreases 
continuously. This ar ises because the stored energy of unrecrystallised  
regions decreases progressively due to the continuation of recovery p ro cesses . 
Therefore, the amount of stored energy left to provide a driving force for 
recrystallisation decreases.
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1.4. Primary recrystallisation.
1 .4 .1 . General characteristics.
1 .4 .1 .1 .  Laws of recrystallisation.
A large quantity of experimental observations has been summarised into 
six  basic "laws of recrystallisation" by Burke and Turnbull (4).
(a) A minimum deformation is  necessary to initiate recrystallisation.
(b) The sm aller the amount of deformation, the higher is  the temperature 
required to initiate recrystallisation.
(c) Increasing the annealing time decreases the temperature required 
for recrystallisation.
(d) The final recrystallised grain-size is  generally sm aller the greater 
the degree of deformation or the lower the annealing temperature 
above that required for recrystallisation.
(e) The larger the original grain-size, the greater is  the amount of 
deformation that is  needed for equivalent recrystallisation  
temperature and tim e.
(f) The amount of cold-work required to give equivalent hardening 
increases with increasing temperature of working.
1 .4 .1 .2 .  Comparison of the techniques available for the assessm ent 
 of recrystallisation.____________ ___ _____________________
The annealing treatments used to study recrystallisation are of two types. 
Isothermal annealing is  used mainly as a source of data which can be manipulated 
to describe the nucleation and growth rates of the p rocess. Isochronal 
annealing is  used to obtain information of a more technological nature in 
term s of the temperature range over which recrystallisation occu rs.
The conventional techniques used for the study of changes in the 
recrystallisation process can be compared from the point of view of sensitivity, 
accuracy, reproducibility of results, and the speed and ease of application.
The m icro-hardness population count method is  a statistical plot of 
m icro-hardness values taken over the entire surface of a specim en. For 
partially recrystallised single-phase m aterials, two distinct frequency peaks
are observed, one representing the cold-worked hardness and the other the fully 
recrystallised hardness. The extent of recrystallisation is  deduced from  
the relative heights of the peaks; However, this method is  not suitable for 
the evaluation of two-phase m aterials. The presence of second-phase 
particles leads to a very wide scatter of m icro-hardness measurements 
and prevents the separation of the results into two distinct peaks in partially  
recrystallised m aterials.
X-ray methods have been used in many recrystallisation studies (e .g . 125). 
They are sensitive in detecting the start of recrystallisation, but accuracy 
and reproducibility are poor when determining the extent of recrystallisation . 
The completion of the process is  also very difficult to determine by this 
technique.
The use of the various forms of electron m icroscopy has revealed a great 
deal of new information about the nucleation stage of recrystallisation. (See 
section 1 .4 .2 ) .
The techniques of electrical resistiv ity  measurements (e .g . 54), 
calorim etry (e .g . 54) and internal friction (e .g . 59) are difficult to standardise, 
and, consequently, their use in assessin g  recrystallisation data has been 
lim ited.
Macro-hardness testing is  the most commonly applied method in 
recrystallisation studies because of its procedural sim plicity. With care  
taken over specimen preparation and indentation measurement, accurate and 
reproducible results can be obtained. An attractive feature of m acro-hardness 
testing is  that it m easures an average response of the examined region.
Optical microscopy allows the metallographic observation of the extent of 
recrystallisation and the sites at which the process begins. The su ccess of 
this technique is governed by the ease with which recrystallised and un­
recrystallised regions can be distinguished.
Different values for the temperature (isochronal) or the time (isothermal) 
at which recrystallisation starts or finishes are often given by hardness 
measurements and optical metallography. Recrystallisation may be w ell 
advanced before the proportion of new grains is  sufficient to reduce the overall 
hardness value.
Towards the end of recrystallisation, hardness measurements can 
indicate that the process has ended while metallography indicates that, in 
fact, there are still sm all regions of unrecrystallised grains. M etallo­
graphy, therefore, is  a more sensitive technique than hardness testing for 
the detection of the onset or completion of recrystallisation.
For those alloys which undergo extensive recovery softening (prior to 
recrystallisation), 50% softening occurs much earlier than 50% recrystallisation. 
Mould and Cotterill (124) have devised a technique which elim inates the influence 
of pre-recrystallisation softening in the analysis of macro-hardness data.
This is  accomplished by measuring the slope of tangents to the hardness- 
temperature curves (for isochronal annealing) or the hardness-tim e curves 
(for isothermal annealing), and plotting these values as a function of the 
appropriate temperature or tim e. They showed that the temperature or tim e 
at which the rate of change of hardness is  a maximum coincides with the 
temperature or time at which 50% recrystallisation was observed metallographi- 
cally, regardless of the amount of recovery-softening which may have occurred. 
Similarly, the temperature or time at which the rate of change of hardness 
decreases to zero was found to correspond to the completion of recrystallisation  
determined metallographically.
1 .4 .2 .  The nucleation of grains during primary recrystallisation.
1 .4 . 2 . 1 .  General aspects.
It is  clearly apparent from the considerable amount of investigations into 
the topic that no single theory of nucleation is  applicable to a ll cases of 
primary recrystallisation. This is  not unreasonable in view of the wide range 
of sub-structures formed during deformation. (See section 1 . 2 . 2 . ) .
The experimental observations of nucleation have been summarised by 
Cahn (56, 60).
(a) Nuclei form preferentially in regions where the local degree of 
deformation is  highest; such sites include grain boundaries, 
deformation bands, inclusions, twin intersections and free su rfaces.
(b) The rate of nucleation increases sharply with increasing strain, 
above a minimum critical strain.
(c) There is  extensive but not entirely conclusive evidence that the 
orientations of nuclei have a statistical correlation with the 
orientations of the deformed regions in which they form .
(d) It is  very difficult to make generalisations about the variation 
of nucleation rate with tim e. The rate of nucleation may be 
constant or decrease with tim e. Occasionally, it increases with 
tim e. There may or may not be an induction period. The 
factors governing the time variation of the nucleation rate have 
not yet been clarified .
The theoretical models that have been advanced to account for these 
experimental observations w ill now be outlined. Recent experimental 
evidence on the process of nucleation has been reviewed by Doherty and 
Cahn (169).
1 .4 .2 .2 .  The c lassica l nucleation m odel.
C lassical nucleation theory was first applied to recrystallisation by 
Becker (1), and, later, by Orowan (61). Their arguments have since been 
reviewed and criticised by Burke and Turnbull (4), Oriani (62) and Bailey (63).
The model is  based on the idea that fluctuations in position of a group of 
atoms w ill occasionally, by chance, generate an embryo. In thermodynamic 
term s, the stability of the embryo depends on the balance between the increase 
in surface energy (due to the formation of a new surface) and the decrease in 
the volume free energy (due to the creation of a volume of lower internal 
energy m aterial).
The change in free energy on forming an embryo is ,  therefore, given by:
Afv = 4nr^ ib  -  4 nr^AF •••(6)
3
where Afj- = total free energy change; 
r = embryo radius
i|i = specific interfacial free energy change 
AF = bulk free energy change.
As the two free energy term s have opposite effects on the total free energy 
change, there w ill be a critical radius above which the embryo w ill become 
stable and grow. This is  found by differentiating equation (6) with respect to r 
and equating the result to zero . The critical radius is , therefore, given by:
V  = 2v|i . . . ( 7 )
and the change in total free energy required to form an embryo of this size  
is:
Al= _  i ' -  ■ 3
■TC =  < 6  TTjj .  , . ( 8 )
3aF
In the case of primary recrystallisation, the volume free energy change 
is  represented by the difference in strain energy between the cold-worked 
and fully recrystallised states. On this basis, the incubation period observed 
during isothermal annealing is  the average time required for a ser ies  of 
thermally activated fluctuations to give r ise  to the creation of a strainAregion 
equal to, or greater than, the critical size for stability. The strain-free  
region can then be described as a viable nucleus, which can grow into the 
surrounding deformed m atrix. The critical embryo radius, therefore, 
represents the minimum radius for a viable nucleus. This is  given by:
rc = - 2 *  . . . ( 9 )
where <|> = interfacial energy of the boundary between strained and 
recrystallised regions 
E = stored energy of cold-work.
Similarly, the free energy change accompanying the formation of viable 
recrystallisation nuclei is:
aFtc =  |6  tt<|)3 . . . ( 1 0 )
3E2
It follows from Turnbull and F isher's (64) treatment of a conventional phase 
transformation that the nucleation frequency, Ivfe , in a region of strain, e , is  
given by:
-_a!L -lSjui’y
kT 3kTE
N = i .J cT .e  . e  - . . ( 11)
where i = number of atoms of the mother phase per unit volume 
h = Planck's constant
T = absolute temperature 
A I* = free energy of activation for grain-boundary self-diffusion  
k = Boltzmann’s constant
Burke and Turnbull (4) calculated the minimum size  of a viable nucleus 
in copper on the basis of a model of homogeneous elastic shear, which would 
give r ise  to the formation of tilt-boundaries. They estimated the variation 
of the minimum radius of a viable nucleus with strain to be as shown in 
Figure 13. Their results showed that for this nucleation model to be rea listic , 
very large local concentrations of strain energy had to be postulated, i . e .  
elastic strains of the order of 0.20 over regions a few Angstroms in diameter 
were required. Orowan (61) showed that the activation energy for this process
g
is  10 eV . According to Cahn (60), even if the local stored energy of
cold-work was greater by a factor of 10, the activation energy would still be
6 o10 eV and the critical nucleus radius would become 500 A , values which
are still impracticably large.
The theory also predicts that new grains should form with low m isfit 
angles relative to the deformed matrix in order to have low interfacial energy 
values. However, it is  often found that the orientation of new grains differs 
considerably from that of the cold-worked region in which they form .
The theory does, nevertheless, account for the existence of an incubation 
period and it also gives reasonable values of the nucleation frequency. However, 
the objections against it make it highly unlikely that nucleation occurs by 
homogeneously distributed thermally activated fluctuations within the deformed 
m etal.
1 .4 .2 .3 .  Preformed nucleus m odels.
It is  clearly evident that, in some m aterials at least, nuclei must be 
preformed in the sense that the location of a nucleus is predetermined, not 
that it is  ready to grow at once.
1 . 4 . 2 . 3 . 1 .  "Block" theories of nucleation.
The difficulties of applying c la ssica l theory to the nucleation of primary  
recrystallisation grains led Burgers (65) to postulate that the nucleus is  a 
pre-existing ’’block” within the deformed m etal.
In the "low-energy block” theory, the "block” is  said to be a volume of 
material in which the strain is  le ss  than average. It is  based on the concept 
that the interior of the "block" already p ossesses the stable structure of 
a recrystallised region and that it is  ready to grow once the appropriate 
energy is  provided by annealing. However, it is  highly unlikely that regions 
of a cold-worked metal w ill completely avoid deformation as required by 
this theory, and there is  hardly any experimental evidence to confirm the 
existence of strain-free regions in a deformed m etal.
In the "high-energy block" theory, the strain in the "block" is  said to be 
larger than average, and recrystallisation is  initiated by a ser ies  of events 
which relieve the strain inside the "block". In other words, there is  a gradual 
healing of a severely  distorted region until it becomes perfect enough to acquire 
the thermodynamic ability to expand, and consume the initially le ss  strained 
surrounding regions.
The mechanism of healing of a pre-formed nucleus has been the source of 
much speculation, and it was not until the theory of polygonisation was 
postulated that a clearer picture began to em erge.
1 . 4 . 2 . 3 . 2 .  Polygonisation and cell-growth theories. (See section 1 .3 .1 . )
Beck (66) and Cahn (47) independently proposed that polygonisation of a 
region with a high dislocation density should result in a group of dislocation- 
free sub-grains, one of which would become a viable nucleus and grow into 
the surrounding m atrix. Views on this model differ, and even electron  
microscopy has yielded no tangible evidence one way or the other.
A more realistic version of this model is  based on the concept of a 
sub-grain growing in a recovered cell structure (6). If there is  a steady 
shift in orientation across a region of the ce ll structure, the wall of the 
particular cell growing accumulates more and more dislocations. Eventually, 
it becomes a mobile high-angle boundary, which then begins to migrate rapidly 
and recrystallisation has begun. It is  not clear, however, how the sub-grain  
boundary maintains its mobility before becoming a high-angle boundary.
The clearest experimental evidence for this kind of nucleation has been 
presented by Walter and Koch (67), who examined the recrystallisation of
heavily cold-worked iron--silicon crystals of initial cube orientation.
A succession of w ell defined deformation bands were formed on rolling.
Their crystallography was such that the transition zones between the bands 
were populated by a single type of edge dislocation. On annealing, sub­
grains formed in these zones by polygonisation and they then grew. When 
one ce ll became large enough, its acquired high-angle boundary migrated 
rapidly, and recrystallisation began.
1 . 4 . 2 . 3 . 3 .  Sub-grain coalescence by rotation m odel.
Hu (49) examined identical crystals to those studied by Walter and Koch (67). 
After a cold-rolling reduction of 70%, his specimens were examined in a 
hot-stage electron m icroscope at 600°C. Small sub-grains were produced, 
and they grew in size  on heating to higher temperatures before recrystallisation  
occurred. Hu, however, reached the conclusion that the sub-grains coalesce  
rather than develop by the growth of some at the expense of others. To account 
for th is, he postulated that successive sub-grains rotate and become merged 
with their neighbours (68, 69). Hu explained the difference in orientation 
between the coalesced group and the original sub-grains from which it was 
formed as a gradual movement of dislocations out of the disappearing sub­
boundary into the other boundaries around the sub-grains. This requires some 
dislocation climb along the disappearing boundary and a rotation of the sub­
grain itse lf, with the movement of some of the atoms situated imm ediately around 
the relevant boundaries.
Li (70) thoroughly examined the possibility of sub-grain rotation during 
recrystallisation, and Figure 14 is  a schematic representation of h is model.
He analysed the thermodynamic implications of this mechanism in term s of 
the m is orientation angles and energies of the sub-grain boundaries. When he 
had shown that the mechanism was energetically feasible, Li went on to analyse 
its kinetic aspects. In doing so, he showed that the rate-controlling process 
can be either the co-operative diffusion of vacancies in the lattice or the 
co-operative movement of dislocations in the boundaries, depending on the 
misorientation angle of the boundary.
1 . 4 . 2 . 3 . 4 .  Geometric .coalescence model.
This model has been applied to a large number of annealing phenomena 
in metals (71). Its basic idea is  that if two neighbouring cells  meet at 
a point, they may coalesce to form a single, larger cell, the diameter of 
which is  equal to the sum of the diam eters of the original c e lls .
For the nucleation of grains during primary recrystallisation, Nielson (71) 
postulates the coalescence of two neighbouring sub-grains which have sim ilar, 
but not necessarily  identical, orientations. When the external dihedral 
angles of the "new” enlarged sub-grain have approached equilibrium, the 
coalesced pair w ill have increased in volume by a considerable amount.
The coalescence is said to occur by the movement of atoms from outside to 
inside the merging pair of sub-grains. According to Nielson, some pseudo­
coalescences (which he defines as the merging of sub-grains of widely 
dissim ilar orientations) w ill have to occur along with the regular geom etric 
coalescence of sub-grains. The first pseudo-coalescences would not necessarily  
produce runaway grains, but they would produce large enough complex grains 
to allow them to survive and occasionally grow. Those that do grow would 
meet other pseudo-coalesced sub-grains of sim ilarly related orientation.
After a ser ies  of such meetings a run-away grain is  established and th is, says 
Nielson, must be the origin of a primary recrystallisation grain.
1 . 4 . 2 . 3 . 5 .  Comparison of pre-formed nucleus m odels.
The direct formation of nuclei by polygonisation is  now thought to be a 
much le ss  general possibility than when the model was first proposed.
However, it, or something like it, may w ell play an important role in the final 
creation, during annealing, of the w ell defined sub-structure needed for other 
nucleation models to become operable; for example, the coalescence and bulge 
(see section 1 .4 . 2 . 4 . )  m odels. A lso, polygonisation remains an important 
direct possibility for the formation of nuclei in cases where a relatively sm all 
number of slip processes have been involved (72).
The choice between the sub-grain growth and sub-grain coalescence by 
rotation models rests upon the interpretation of some weak contrast between 
neighbouring fields in certain electron micrographs. Even a detailed discussion  
between Walter and Koch and Hu (73) has not produced a final and unambiguous
explanation. N evertheless, Walter and-Koch's interpretation does not 
invalidate Hu's general postulation of sub-grain coalescence by rotation as 
an important nucleation mechanism in primary recrystallisation. In fact,
Walter and Koch (67) agree that sub-grain coalescence may be significant 
in many cases, whilst Hu (68) clearly acknowledges that localised boundary 
migration is  a necessary cog in the p rocess.
Recent work by Smith and Dillamore (74) suggests that sub-grain coalescence 
by rotation as considered by Li (70) is  unlikely to occur in bulk m etals as a 
contributory mechanism in sub-grain growth. They compared their experi­
mentally determined tim es for one sub-grain coalescence with those predicted 
by L i's theory for the (111) D10U and (110) CllOU orientations in high purity 
iron, and found the experimental sub-grain growth rate to be about four orders 
of magnitude faster than that predicted theoretically. Smith and Dillam ore, 
however, emphasise that they have no results which can justify the complete 
rejection of sub-grain coalescence by rotation. In fact, L i's analysis has 
previously given order of magnitude agreement with the experimentally 
measured sub-grain growth rate for aluminium as determined by Beck et a l. (75).
A comparison of the sub-grain coalescence by rotation mechanism and the 
geometric coalescence model reveals a basic difference. The form er mechanism  
leads to the creation of increased misorientations around the sub-grain whereas 
the latter does not. Although a ser ies  of geom etric coalescences may produce 
a strain-free region of super-critical s ize , it is  not likely to produce surround­
ing high-angle boundaries where such boundaries did not exist originally. It 
is ,  therefore, difficult to1 see how geometric coalescence alone can account 
fully for the formation of a recrystallisation nucleus. However, it is  probably 
involved in nucleation as part of rotation coalescence as it describes the surface 
tension phenomena involved in the boundary adjustment which rem oves the 
re-entrant angles in the boundaries surrounding the coalesced sub-grains 
(See Figure 14 d).
A ll the models imply the existence of an induction period and are by their  
very nature a form of oriented nucleation.
1 .4 .2 .4 .  The martensitic nucleation model.
A fundamentally different process that has been proposed for nucleation
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is  the possibility of a quasi-=martensitic shear in sm all regions of the deformed 
lattice. Burgers and Verbraak (76) postulated this mechanism to cater for 
the specific case of the creation of a cube texture during the annealing of 
heavily deformed copper. However, there is  no direct metallographic 
confirmation that localised shears of the type postulated do occur, and energy 
considerations indicate that the physical validity of the mechanism is  extrem ely  
doubtful, even for the formation of the cube texture in copper.
This model must, therefore, be viewed with a great deal of reserve .
1 .4 .2 .5 .  The bulge nucleation m odel.
The first detailed description of nucleation at grain boundaries was given 
by Beck and Sperry (77). They showed that in high-purity aluminium, after 
cold-rolling deformations of up to 40%, the formation of "new" nuclei on 
annealing is  very rare, and that the volume elem ents which are substantially 
free of sub-structure form by the "strain-induced migration" of already 
existing boundaries.
Separate kinetic experiments (78) indicated that there was no incubation 
period during this form of recrystallisation, and that the boundary migration 
rate was highest initially and then decreased with increasing annealing tim e. 
This is  not surprising since there is  no nucleation at a ll in this process; 
an existing grain m erely advances into its neighbouring grain and, in the 
process, becomes strain-free.
Figure 15 represents ’Betk’s model' (5) for this form of boundary migration. 
It is  assumed that the boundary between the two grains A and B is  capable of 
high mobility, and that there is  a significant strain difference between the two 
grains. The high dislocation concentration in grain B is  shown schem atically  
as a fine sub-grain structure while grain A, which is  growing, is  shown as 
having a much coarser structure. Under these circum stances, the migration 
of the boundary is  said to be initiated by that part of its length which form s a 
boundary to one of the large sub-grains (S) in grain A . The direction of 
migration is  away from this grain into grain B. This leads to a reduction in 
internal energy which is  equivalent to the difference between the stored energy  
released in the consumed region and the energy required to extend the length 
of the migrating boundary. The driving force for the process is  provided by
the difference in stored energy between the two grains, A and B. Aust 
and Dunn (79) have confirmed this model by revealing sub-boundaries in 
silicon-iron on both sides of a grain boundary which was in the process  
of strain-induced boundary migration.
Vandermeer and Gordon (80) also studied the isothermal recrystallisation  
of pure aluminium at deformations up to 40%, and observed that a ll new grains 
were nucleated in clusters at s ites along the grain boundaries of the deformed 
structure. Only a sm all proportion of the total grain boundary area produced 
nuclei. This appears to be inconsistent with Beck and Sperry's observations. 
However, lattice distortions very near to a deformed grain boundary can be 
very substantial (often implying more deformation than in the grain interiors 
(32)  ^ and it is  quite conceivable that the sub-structure adjacent to a grain 
boundary varies considerably in orientation along the length of the boundary (60). 
Vandermeer and Gordon also found that new grains began to grow at the 
beginning of the annealing process, with no incubation period. In effect, this 
rules out any other type of nucleation process. It is , therefore, likely that 
nucleation in this ser ies  of experiments was by strain-induced boundary m igration.
Bailey and Hirsch (17, 63, 81) used electron m icroscopy techniques to 
examine the different stages of the deformation and annealing behaviour of 
copper, nickel, silver and gold. Recrystallisation occurred by the formation 
and growth of bulges of local regions of the grain boundaries. The advancing 
bulges were about 1 micron across for copper, compared with about 20 microns 
for Beck and Sperry's (77) aluminium. This is  probably because the aluminium  
had a much larger initial grain size  than the copper. Bailey and Hirsch noted 
that the regions inside the bulges, through which the boundaries had migrated, 
were virtually free of dislocations. This led to the stipulation that segm ents 
of the grain boundaries should have few, if any, dislocations terminating on 
the low strain side for them to be able to m igrate.
Bailey (63) developed a detailed analysis of this form of nucleation. The 
process was envisaged to occur by the bulging of boundary segm ents, of 
length 2L, to form spherical caps, of radius R, which then continue to m igrate. 
Figure 16 illustrates schem atically successive stages of migration. The basic  
condition for a bulge to grow is  given by:
L > 2 S  . . . ( 1 2 )
aE
where S = the surface energy of the migrating boundary
aE = the difference in stored energy, per unit volume, across the 
migrating boundary.
When known quantities are substituted into this expression, the predicted 
critical length of a visible bulge in silver deformed 25% is  about 0 .5  m icrons.
This compares satisfactorily with the lengths Bailey actually observed 
(1 micron) in cold-worked and annealed s ilver .
Bailey and Hirsch (81) further showed that this mechanism of nucleation is  
compatible with the normal kinetics of the recrystallisation process, which 
usually follows the Avrami equation (82):
-RtK
1 - X = e . . . ( 1 3 )
where X = volume fraction of m aterial recrystallised  
t = annealing time
K = index related to the location of nucleation sites and the 
growth habit of new grains.
In particular, the growth rate was shown to pass through a minimum when 
2 oe. = 180°. (See Figure 16). The rate of growth of the bulge w ill be slow  
initially, with a marked acceleration once the bulge has become larger than 
a hem isphere. Qualitatively, this initial period of slow growth can be taken 
as an induction period. Quantitatively, however, Bailey's analysis showed that, 
for metals with a w ell developed sub-structure, the time involved w ill be short 
compared to the time scale on which recrystallisation kinetics are usually 
m easured.
There seem s to be little doubt of the importance of the bulge nucleation 
mechanism, and it is  common in moderately deformed, fine-grained m etals.
It is  consistent with the observation that nuclei under such conditions form  
exclusively along grain boundaries, and also with the zero induction period 
noted for such m aterials. The observations of recrystallisation from  
deformation twins are also consistent with the operation of the bulge nucleation 
mechanism. A non-coherent twin boundary, for this purpose, is  considered 
equivalent to a normal high-angle boundary.
1 .4 .3 .  The growth stage of primary recrystallisation
The growth stage of primary recrystallisation consists essentially  of the
migration of high-angle boundaries, surrounding the expanding new grains, 
through the deformed structure.
The first theories of grain boundary migration were developed by Mott (83) 
and Turnbull (84) on the basis of the absolute reaction rate theory. Turnbull 
assumed that atoms are transferred singly across the migrating boundary.
This leads to a relationship of the form:
G = G o .e”^ R T  .. .(1 4 )
where G = the rate of migration 
Q = activation energy 
R = gas constant 
T = the absolute temperature.
Go is  a function of
(a) the distance of local boundary movement when an atom is  
transferred from one grain to the other,
(b) the lattice parameter,
(c) the driving force, and
(d) the temperature.
The majority of experimental results are consistent with this relationship.
Turnbull (84) suggested that the activation energy barriers involved in 
his model are sim ilar to those for grain boundary self-diffusion, and that the 
rate determining step for boundary migration is  related to the diffusion 
coefficient for atom transport along the boundary. By comparing the relevant 
free energies, he reached the conclusion that the atomic mobility in grain 
boundary migration should be several orders of magnitude larger than that 
in lattice self-diffusion, and that the entropy change in migration should be 
close to zero. However, measurements of the temperature dependence of 
boundary migration rates have shown that the entropy change is  often large, 
and that the activation energy is  som etim es of the same order of magnitude 
as that for lattice self-diffusion. Turnbull attributes these anomalies to 
the retardation of boundary migration by the effect of im purities, which may 
become le ss  as the temperature is  increased. This theory is  referred to 
as the ’’single process theory", and a sim ilar model has been developed by 
Beck, Sperry and Hu (85).
Mott (83) attempted to account for the high values measured for entropy 
and activation energy on the basis of his "group process theory". He 
assumed that atoms are activated in groups during transfer across a grain 
boundary and that the basic process involves the melting of a group of atoms 
belonging to one crystal followed by their re-solidification on the other 
crysta l. This leads to a relationship, sim ilar to equation (14), in which Go 
is  related to the number of atoms in the transferring group. There is ,  however, 
no reason to suppose that atom transfer during boundary migration occurs in 
groups rather than singly (86), and it is  generally accepted that the basic 
process can be explained by variations of Turnbull's "single process theory"
(86, 87).
Li (88) has proposed different mechanisms to account for the migration of 
low- and high-angle grain boundaries. He suggested that the mobility of low 
angle boundaries depends on the mobility of the dislocations which com prise 
the boundary, and that such movement becomes more difficult as the m is-  
orientation increases. The mobility of a large-angle boundary is considered  
to be dependent on the movement of individual atoms in the grain boundary, 
and it increases as the degree of "porosity" in the boundary increases with 
increasing m isorientation. This ra ises the importance of vacancies to 
grain boundary migration. A grain boundary, as w ell as being a source of 
vacancies, is  also a vacancy sink, and the migration of the boundary is  
expected to be dependent on vacancies. There is  indirect evidence from  
boundary migration measurements that vacancy absorption can alter a boundary 
to such an extent that its migration rate increases dramatically (6).
Gleiter (89, 90) formulated a theory of boundary migration, on the basis of 
his observations that the surfaces of adjacent grains in aluminium consist 
of a pattern of sm all steps. Migration is  said to occur by the em ission of atoms 
from the steps on the surface of the shrinking grain into the boundary, and 
the absorption of a sim ilar number of atoms from the boundary on to the steps 
of the surface of the growing grain. This leads to the movement of the steps 
on the surface of both grains such that one grain shrinks and the other grow s. 
However, the widespread application of G leiter’s model is  open to doubt, as 
Levy (91) has pointed out that the interpretation of electron contrast effects 
at grain boundaries; (upon which this model depends) should be undertaken
with great caution, and that boundary migrations have been observed in 
aluminium for grain boundaries which did not show the contrast effects  
discussed by G leiter. It is , therefore, probable that Gleiter's model is  
valid in certain special cases, but it is  not necessarily  a universal 
description of grain-boundary migration in general.
Aust and Rutter (92) compared their data for zone-refined lead with the 
theories of Turnbull and Mott. They clearly showed that, with impurities 
present, neither theory correctly predicted the boundary migration rate.
But, when impurity effects were absent, Turnbull's "single process theory" 
gave order-of-magnitude agreement with the experimental data, whereas 
Mott's "group process theory" did not. Similar findings have been quoted 
for aluminium (93). It, therefore, appears that the basic process in grain 
boundary migration involves the transfer of single atoms across the boundary.
The effect of impurities on grain boundary migration w ill be discussed in 
Sections 1 . 4 . 6 .2 .3 .  and 1 .4 .7 .4 .
1 .4 .4 .  The kinetics of primary recrystallisation .
Ever since the early work of Mehl et a l. (94, 95), recrystallisation kinetics 
have been described in term s of the rate of nucleation and the linear rate of 
grain boundary migration. Such studies indicate that recrystallisation  
progresses in a sigmoidal manner with respect to tim e. There is  an initial 
incubation period, followed by a rate of change which is initially slow, then 
accelerates, and finally becomes slow again as the process is  completed. A 
typical curve is  shown in Figure 17. The incubation period is  generally  
associated with the initial formation of nuclei, although, in some ca ses , it 
is  absent. (See section 1 . 4 . 2 . 5 . ) .  It has been reported that increasing the 
time of isothermal annealing during recrystallisation increases the rate of 
nucleation and decreases the rate of grain boundary migration (96); increasing  
the temperature increases the boundary mobility (95); and increasing the 
amount of deformation increases both the rates of nucleation and growth (94, 95).
Avrami (82) proposed the theory that a fixed number of pre-form ed nucleation 
sites exist in the deformed metal and that the nucleation rate rem ains constant 
throughout recrystallisation. This leads to a relationship of the form
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deformat ion f o r  aluminium annealed at  350°C,
-R rX = 1 - e . ...(13 )
where X = fraction recrystallised
B = constant of the form B = Bo ,e -Q/rt
t = annealing time
K = constant depending on specimen dim ensions.
For bulk specim ens, K lie s  between 3 and 4; for thin sheets, between 2 and 3; 
and for w ires, between 1 and 2. An equation of this form is  agreed upon by 
most w orkers.
Johnson and Mehl (97), however, pointed out that the nucleation rate is  not 
constant, and that it is  more accurate to make experimental measurements 
than to assum e any particular mathematical form . On this basis, Mehl 
et a l. (94, 95) found that the nucleation behaviour of aluminium, previously  
deformed 5.1% in tension, to be of the form
N = a . e bt . . . ( 1 5 )
where Isf = nucleation rate 
t = annealing time 
a and b = constants.
They also found that, in this case, the growth rate is  not a function of tim e, 
although it is time-dependent. By comparing their experimental results with 
the theoretical predictions for recrystallisation in bulk specim ents, they 
obtained fairly good agreement. Any minor discrepancies were explained in 
term s of the possible orientation dependence of the growth rate.
1 .4 .5 .  General factors which influence recrystallisation.
The process of primary recrystallisation is  dependent on several variables:
(a) metal purity (see sections 1 .4 .6 .  and 1 .4 .7 . )
(b) the conditions of deformation
(c) the time and temperature of annealing (see sections 1 .4 .6 .  and
1 .4 .7 . )
(d) the original grain-size
1 .4 .5 .1 . The amount of prior-deformation.
Burke and Turnbull’s laws of recrystallisation (4) (see section 1 . 4 . 1 . 1 . )  
indicate that primary recrystallisation depends on the extent of deformation 
prior to annealing. The reasons for this are that the driving force for 
recrystallisation is provided by the high internal energy of the deformed 
metal, and that the detailed phenomena in the nucleation and growth of new, 
recrystallised grains are c losely  dependent on the distribution of strain  
within the m etal. However, thermal energy has to be supplied before these
j
processes are activated. This leads to the concept of a recrystallisation  
lim it, which has been defined as the lowest temperature which produces 
complete recrystallisation for a specific metal and condition (98). This 
property shows the effect of strain on recrystallisation in two w ays. F irst, 
there is  a minimum strain below which recrystallisation does not occur.
Secondly, increasing the strain above this value lowers the temperature of the 
recrystallisation lim it. The minimum strain for recrystallisation a r ises  
from the need to provide a structure in which nucleation can occur and which 
has sufficient strain energy to activate the migration of the high-angle boundaries 
surrounding the nuclei.
The effect of strain on the recrystallisation lim it is  usually interpreted in 
term s of changes in the rates of nucleation and growth. A good example of 
this is  provided by the work of Mehl et a l. (94, 95) on aluminium (see section  
I . 4 . 4 . ) .  Figure 18 shows that the nucleation rate is  low for strains up to about 
7%, but then r ise s  steeply as the strain is  increased. The growth rate, however, 
varies with strain in a sigmoidal manner. In particular, it increases rapidly 
with strain up to about 10%, and then becomes constant at strains greater than 
about 15%. Therefore, both the nucleation and growth rates are m ost sensitive  
to changes in strain at low strains (up to about 15%), although the growth rate 
eventually becomes an insensitive function of strain while the nucleation rate 
is  increasing rapidly (4).
When metals recrystallise  after low strains, large grain -sizes are produced. 
The strain which produces the largest grain-size is  usually slightly larger than 
the minimum strain for recrystallisation. It is  referred to as the critica l 
strain, and the resultant grain-size is  the critical grain-size I It has generally
been found that the critical strain decreases as the annealing temperature or 
time increases, and it increases as the impurity content of the metal increases 
(99).
1 . 4 . 5 . 2 .  The original gra in -size .
It has been shown (section 1 .2 . 4 . 4 . )  that a variation in the initial grain-size  
has a significant effect on the dislocation density after deformation. Experi­
mental evidence to substantiate a dependence of recrystallisation kinetics on 
original grain-size comes from two sources - stored energy measurements 
and direct recrystallisation studies.
Evidence that the stored energy of cold-work is  a function of grain-size  
has been discussed in section 1 .3 .4 .  In particular, Clarebrough et a l. (44) 
have shown that the stored energy is  greater in fine-grained copper (99.98% pure) 
than in the coarse-grained metal, but only up to 38% deformation. Above this 
deformation, the total stored energy is the same for both g ra in -s izes . The 
energy is  also released more rapidly in the fine-grained m etal. However, 
they found that the recrystallisation temperature is  always lower in the 
fine-grained metal even when the stored energy is  equal for both g ra in -s izes . 
They suggested that the segregation of impurities to the grain-boundaries in 
the coarser-grained metal could account for this strange recrystallisation  
behaviour at large strains. Loretto and White (57) worked in a sim ilar manner 
on a copper of higher purity (99.999% pure). One of the gra in -sizes they 
used was the same as Clarebrough's coarse gra in -size . A comparison of the 
two sets of data supports the suggestion that segregation of impurities is  an 
important factor in controlling the recrystallisation behaviour of the le ss  pure 
copper used by Clarebrough et a l.
Cook and Richards (100) made a detailed study of the recrystallisation  
kinetics for copper having two different gra in -sizes . They observed the 
highest recrystallisation rate to be produced by the finest gra in -size .
Doherty and Martin (101) have provided evidence that, in two-phase alloys, 
isothermal recrystallisation rates are increased by an increase in grain- 
boundary area (See Figure 19.) .
The role of grain-boundaries in the recrystallisation of an aluminium -
5.75% zinc - 1.95% magnesium alloy has been described in detail by Ryum 
(102). He assumed that, in this alloy, it is  possible to obtain variations 
in the dislocation structure for a given strain, without altering the overall 
driving force for recrystallisation. He altered the dislocation structure 
by varying the degree of precipitation before straining. On annealing, 
he found that the formation of a well-defined sub-structure and the 
subsequent occurrence of primary recrystallisation takes place more rapidly 
in specim ens with a heterogeneous dislocation distribution than in others.
The acceleration was particularly associated with an increase in nucleation 
rate as a result of localised nucleation in regions near to the grain-boundaries 
where the sub-structure is  particularly clearly defined.
It is , therefore, clear that the grain-size of a metal influences its  
recrystallisation behaviour in two w ays. F irstly , it affects the overall 
dislocation density of the deformed metal, and, secondly, it leads to 
variations in the amount of grain-boundary regions at which nucleation can 
occur. A ll the nucleation mechanisms (described in sections 1 . 4 . 2 . 3 .  and
1 . 4 . 2 .5 . )  can account for the initiation of nucleation at, or near to, grain 
boundaries. In general, the finer the grain-size of a metal before cold- 
work, the greater is  the rate of nucleation and the sm aller the recrystallised  
grain-size for a given amount of deformation.
1 .4 .6 .  Primary recrystallisation in solid - solution a lloys.
1 . 4 . 6 .1 .  Experimental observations.
Since Chandron (103) reported that the recrystallisation temperatures of 
"super-purity" and 99.99% pure aluminium differed by about 100°C, much 
experimental work on the effect of alloying elem ents on recrystallisation  
has been carried out. However, the comparison and interpretation of 
data from different sources is  made difficult by the influence of the following 
factors which affect recrystallisation behaviour:
(a) the difficulty of standardising purity levels
(b) the use of different deformations prior to recrystallisation  
(See section 1 .4 .5 .1 )
(c) the use of different experimental techniques to follow 
recrystallisation behaviour (See section 1 .4 .1 .2 . )
(d) the use of different initial grain sizes (See section 1 .4 . 5 . 2 . )
(e) the use of different definitions of the recrystallisation temperature.
Consequently, the formulation of a comprehensive theory for impurity- 
controlled recrystallisation is  very difficult.
The bulk of experimental work has been carried out on solid-solutions 
based on aluminium which is  extrem ely sensitive to the effects of im purities. 
One of the earliest system atic investigations of the effect of sm all additions 
was made by Chosset (104). He showed that the course of recrystallisation  
is  strongly influenced by the first traces of solute (less than 0.01 %), especially  
with heavy prior deformations, Larger amounts of impurity (about 0.1%) 
were found to have a much sm aller effect.
In order to determine which impurities were responsible for the increase  
in recrystallisation temperature, Blade et a l. (105) produced alloys with 
controlled amounts of several solutes by levitation melting. This technique 
avoided any contamination by extraneous m aterial from melting crucibles 
and oxidising atm ospheres. They found that all the solutes raised the 
recrystallisation temperature of super-pure aluminium; silicon, copper 
and magnesium by le ss  than 100°C, and manganese, iron and chromium by 
about 200°C.
1 . 4 . 6 .2 .  Theoretical interpretations.
1 . 4 . 6 .2 .1 .  General asp ects.
Experimental evidence has been presented in section 1 .4 .6 .1 .  to show 
the effect of solute atoms on the recrystallisation behaviour of a m etal.
In general, solutes retard recrystallisation to an extent which depends on 
the nature and quantity of the solute. Evidence is  available which suggests 
that the change in recrystallisation as a function of composition cannot be 
represented by any single linear relationship for the entire solid-solution  
range of a given alloy system . Above certain solute concentrations, a 
different linear relationship may often be applicable, usually with a sm aller  
degree of retardation than that which occurs at low solute concentrations.
The interpretation of the experimental data has been confined alm ost 
entirely to the growth stage of recrystallisation, and hardly at a ll to the 
nucleation stage. The theories that have developed are based on the
direct influence of solute atoms on grain boundary mobility. These theories 
w ill be discussed in section 1 . 4 . 6 . 2 . 3 .  However, the possible influence of 
solute content on the nucleation stage w ill be discussed first.
1 . 4 . 6 .2 .2 .  Solute dependent nucleation.
Masing et a l. (106) determined recrystallisation rates for aluminium- 
manganese alloys, and observed that both nucleation and growth rates 
decreased to the same extent for manganese concentrations up to 0 . 01%.
Liicke and Detert (107) concluded from this that the same elementary process  
affected both the nucleation and growth stages. They, therefore, only 
considered solute limited grain boundary migration when forming their 
theory (Section 1 . 4 . 6 . 2 . 3 . ) .  However, increasing the manganese content 
up to 0 . 1% decreased the nucleation rate le ss  than the growth rate.
L eslie et a l. (108) considered that, in iron alloys, solutes are able to 
stabilise dislocation arrays or low-angle boundaries so that their growth 
or coalescence to form recrystallisation nuclei is  delayed. In this way, the 
solutes delay the nucleation stage of recrystallisation. They also pointed out 
that solutes alter the type of dislocation structure formed after cold-working 
and that solutes have been observed to enhance or prevent sub-grain formation 
after cold-working. Evidence for the occurrence of the latter effect is  
provided by the reduction in stacking-fault energy caused by solute additions. 
This influences the perfection and size  of su b -ce lls .
In spite of the experimental evidence that the nucleation stage of recrysta lli­
sation is  more difficult for impure m aterials compared with pure m etals, a 
general theory for solute dependent recrystallisation (taking into account the 
influence of solutes on nucleation) has not been formulated.
1 . 4 . 6 . 2 .3 .  Solute dependent growth.
The large discrepancies between the predictions of the single process  
theory (see section 1 .4 .3 . )  and experimental data for cases other than zone- 
refined samples shows that impurities have an important role in the mechanism  
of boundary migration which is  not explicitly accounted for in Turnbull's 
theory (84). Consequently, several explanations for this aspect of 
recrystallisation have been proposed, the difference between them being mainly
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in the detailed form of the interaction between the solute atoms and the 
migrating boundary.
1 . 4 . 6 .2 . 3 . 1 .  The Liicke and Detert theory of impurity-dependent
__________  grain boundary migration.________________________
Liicke and Detert (107) were the first to attempt a quantitative theory for 
impurity-controlled boundary migration. They assumed that impurity atoms 
segregate to grain boundaries; that is , the boundary is  an energy sink for 
impurity atom s. When migration of such a boundary takes place, the impurities 
are dragged along as an atmosphere near to it . The speed of migration is  then 
dependent on the rate at which impurity atoms diffuse along behind the boundary, 
According to this theory, if the driving force is  large enough to overcome 
the dragging effect of the im purities, then, at low impurity concentrations or 
high temperatures, the boundary breaks away from the impurity atmospheres 
by the mechanism of solvent atom diffusion across it; that is , the boundary is  
able to move independently of the solute atoms at low impurity concentrations or 
at high tem peratures. The breakaway process should be very abrupt and should 
occur at certain critical values of composition, driving force and tem perature.
It was, however, appreciated that in reality there would be a gradual transition  
region in which the boundaries only partially break away. Figure 20 is  a 
schematic representation of the variation in boundary migration rate with 
temperature for a constant driving force and composition. Figure 21 shows 
the variation in boundary migration rate with composition for a constant driving 
force and temperature.
The Liicke and Detert theory has accounted for the experimental observations 
for many metal solvent-solute system s e . g .  alloys of copper in zone-refined  
aluminium (93). However, one of the main failures of the theory is  its inability 
to explain Aust and Rutter's results on the effect of tin (92, 109) and silver  and 
gold (110) in zone-refined lead. Aust and Rutter found that boundaries with a 
Kronberg-Wilson or other "special” orientation relationship to the crystal being 
consumed are le ss  sensitive to impurity atoms than boundaries with "random" 
orientations (Figure 22). (Kronberg and Wilson (111) proposed that, for 
certain orientations, both grains have a partial lattice in common.) They also  
found that silver and gold are much more effective than tin in retarding boundary
migration (Figure 23). This is in direct opposition to the predictions of the 
Liicke and Detert theory which says that, as silver and gold diffuse faster than
tin in lead, they should exert less_of a drag and allow the boundary to move faster. 
Holmes and Winegard (112) also raised objections when they used the theory 
to calculate solute diffusion coefficients from their growth rate data and found 
that the calculated rates were about two orders of magnitude too large .
1 . 4 . 6 . 2 . 3 . 2 .  Modifications to the Liicke and Detert theory.
The main assumptions, approximations and limitations of the Liicke 
and Detert theory are (86):
(a) It predicts that breakaway from an impurity atmosphere is  
an abrupt p ro cess .
(b) it assum es that the boundary velocity is equal to the velocity  
of the impurity atom s.
(c) it assum es that the grain boundary-impurity concentration is  
given by the stationary equilibrium value and does not alter  
when the boundary m oves.
(d) it only considers segregation in which impurity atoms are 
adsorbed at boundaries.
(e) it assum es that diffusion of the impurity atoms controls the 
solute-dependent migration behaviour.
(f) it does not acknowledge that the boundary-impurity interaction  
energy and the diffusion coefficient of the impurity vary as a 
function of the distance across the boundary.
Modifications to this theory are required to obtain a more satisfactory  
agreement with experimental data.
Gordon and Vandermeer (93) formulated a modification of the theory 
(for those cases where migration is  not independent of solutes) to take account 
of local changes in atomic vibration frequencies when the solute atoms move 
into a boundary. They found a satisfactory agreement with the results of other 
workers (112, 113), but the same success was not achieved for the results of 
Aust and Rutter (92, 109, 110). They, therefore, considered the values of 
boundary migration rates determined by those workers to be inaccurate as 
orientation factors may have influenced their resu lts .
A more rigorous re-interpretation of Liicke and Detert's theory was made 
by Liicke and Stiiwe (114). They studied in detail the diffusion of impurity atoms
in the "potential-field" of the grain boundary. The atmosphere of atoms 
was considered to evaporate as the velocity of the boundary increased .
This modified theory accounted for experimental results more accurately 
than the original version.
Cahn (115) attempted to modify the Liicke and Detert theory by studying 
in greater detail the distribution of solute atoms in the region of the grain- 
boundary during steady-state migration. The application of this model to 
experimental observations involves the use of complex differential equations 
for which knowledge of the main functions is  sparse (87). This theory is  
too restrictive in the sense that it does not allow a decision to be made from  
first principles as to whether a measured velocity or a given driving force 
is  high or low (86).
1 . 4 . 6 . 2 . 3 . 3 .  Other theories of solute -dependent growth.
Machlin (116) considered that a moving grain boundary should become cusped 
at a point where it meets an impurity atom. He supposed that the rate- 
controlling step in the migration process is  the diffusion of the impurity atoms 
along the cusped part of the boundary. He found the Aust and Rutter data 
(92, 109) on random single-boundary migration to be in complete agreement 
with his ideas. However, Liicke and Stiiwe (114) severely criticised  this model 
on the basis of the theoretical assumptions used in its derivations.
Li (117) viewed the impurity effect on the basis that solute atoms segregate 
to the boundary to reduce its porosity. This theory leads to a saturation effect 
in the migration rate at high concentrations of solute atom s. However, to make 
a significant quantitative verification of this model, more information regarding 
the porosity of the boundary, with or without impurity atoms, is  required.
In all the theories of solute dependent growth, boundary migration is  said 
to be controlled by adsorbed solute atom s. However, a greater knowledge of 
boundary structure and properties is  required for further development of the 
theories. This w ill enable values of solute/boundary interaction forces and 
atom mobility in, and adjacent to, grain boundaries to be obtained. The influence 
of solute concentration on boundary velocity needs to be determined for a wider 
range of solvent-solute system s. The general application of the existing theories 
may then be tested.
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1.4 .7 . The primary recrystallisation of two-phase alloys.
1 .4 .7 .1 .  General a sp ects.
Investigations of the annealing characteristics of two-phase alloys have 
shown that second-phase particles can either accelerate or retard recrysta lli­
sation compared with the behaviour of the particle-free m atrix. The 
controlling factors appear to be the size and spacing of the dispersed p artic les. 
However, these parameters do not have an absolute value since particles 
are rarely uniform in s ize , shape, or distribution. A lso, the inter-particle  
spacing has been calculated on the basis of many definitions and formulae, 
each producing a different value in a given alloy structure.
In many investigations, values of one or other of the controlling parameters 
are omitted, and the reported data does not allow their calculation. This, 
therefore, makes it difficult to compare recrystallisation behaviour in the 
various alloy system s.
The two-types of recrystallisation behaviour are reviewed separately below, 
and the evaluation of inter-particle spacing is  discussed elsew here. (Section
4 . 1 . 1 . ) .
1 . 4 . 7 . 2 .  Accelerated recrystallisation.
Martin (118) has shown that the presence of dispersed silica  particles in 
single crystals of copper accelerates recrystallisation. He found that increasing  
the volume fraction of silica  lowers the recrystallisation tem perature. He 
quoted inter-particle spacings in the range 8 to 24 41m . However, their 
meaning is  not clear due to the large differences in diameter of the particles  
in his high silicon content alloy and those in the low content alloy.
Day (119) working on an aluminium - 1.35% manganese alloy with additions 
of silicon and iron, found that reduction of free manganese in solid solution 
and also coalescence of the second phase cause recrystallisation to occur at 
lower temperatures, and yield a finer final grain s ize .  She considered this 
effect to be the result of the greater internal s tresse s , forming around the larger  
particles during deformation, aiding the formation of recrystallisation nuclei.
She did not, however, interpret the effect in term s of changes in the inter-particle  
spacing.
Phillips and Phillips (120) observed that the presence of tellurium  
accelerates the recrystallisation of copper. The impurity was present as 
a finely dispersed phase. They found the acceleration to be greater for an 
alloy containing 0.00025 wt.% Te than for one containing three tim es as much.
Indirect evidence for the acceleration of recrystallisation due to the presence  
of precipitates is  provided by the work of Richards and Pugh (121). They 
studied the influence of variation in intermediate annealing temperature on the 
recrystallisation behaviour of a com m ercial aluminium (99.4% Al + 0.29% Fe 
+ 0.14% Si) during a final isothermal anneal at 250°C. Some of their results  
are shown in Figure 24, which indicates that the rate of recrystallisation during 
the final anneal increases steadily as the temperature of intermediate annealing 
is  reduced from 500°C to 400°C. This is  consistent with a steady decrease in 
solubility, as the temperature fa lls, and could be taken to imply particle- 
induced acceleration of recrystallisation. However, an alternative explanation 
for these results is  that super-saturation of the solid-solution of some specim ens 
retards recrystallisation by solute drag effects.
Other indirect evidence for enhanced recrystallisation is provided by 
W illiams and Eborall (127) who investigated the effects of strain, annealing 
temperature and original grain-size on the critical strain and final recrystallised  
grain-size of several aluminium alloys.
L eslie et a l. (108) examined a ser ies  of dilute iron-oxygen alloys containing 
varying degrees of dispersion of the second phase. They showed that isolated  
oxide inclusions, a micron or more in diameter, in an alloy deformed by 60%, 
are each associated with several new grains on annealing, and cause an ac­
celeration of the entire recrystallisation p rocess. Below this diam eter, the 
particles tend to retard recrystallisation. Blade (123) sim ilarly observed 
that a fine dispersion of Al^Fe particles of about 1 pm diameter in aluminium  
alloys causes nucleation to be accelerated by a factor of ** 10 and growth to 
be retarded by 2 , so that recrystallisation as a whole is  accelerated.
A good example of nucleation occurring at large inclusions has been provided 
by the work of English and Backofen (99), who studied the recrystallisation of 
iron-silicon  alloys during hot-working. They found that new grains are formed 
at the inclusion/m atrix interface before recrystallisation of the surrounding
m aterial occurs. They also reported that the grain size  after recrystallisation  
is  sm aller for the alloy containing the larger number of inclusions. This 
suggests that more nucleation sites  become available as the number of 
particles in creases.
Antonione et a l. (125, 129) studied the influence of sm all amounts of 
carbon and nitrogen on the recrystallisation of high purity iron. Their 
specim ens were cold-rolled 80% and then annealed both isotherm ally and 
isochronally. Their important results are summarised in Figures 25 and 
26. It can be seen that additions of carbon and nitrogen in quantities above 
the lim it of solubility in a-iron at the recrystallisation temperature cause 
a noticeable increase in the nucleation rate. This is  due to the presence of 
precipitated nitrides and carbides. Further work by the same research  
group (126) has shown that the effect of coarse oxide inclusions (up to 10 pm)
the.
in pure iron is  also to increase^nucleation ra te . Consequently, recrystallisation  
is  accelerated.
Doherty and Martin (122) studied the recrystallisation of two-phase aluminium- 
copper a lloys. Although their work is  mainly concerned with retarded 
recrystallisation (see section 1 . 4 . 7 . 3 . ) ,  their data clearly shows that alloys 
with the largest inter-particle spacing (4 pm) recrystallise  faster than the 
matrix solid-solution alloy. Humphreys and Martin (128) have also shown 
that the same dispersed phase can cause either an acceleration or retardation 
of recrystallisation. They found that, at 700°C, the recrystallisation of 
cold-rolled single crystals of internally oxidised copper-silicon alloys is  
accelerated at inter-particle spacings greater than 1 pm, in comparison  
with that of single-phase crysta ls.
Mould and Cotterill (124) have made a comprehensive study of the 
annealing behaviour of two-phase aluminium-iron a lloys. Their work has the 
m erit of separating the effects of the dispersed phase and the matrix grain 
size  on nucleation. A ll their alloys were first stabilised at 450°C before a 
final reduction of thickness of 60% by cold rolling. They used isochronal 
(for 1 hour) and isotherm al (at 300°C) annealing, to induce recrystallisation .
The progress of recrystallisation was followed by hardness measurements 
and metallography. Some of their results are shown in Figures 27 and 28.
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Examination of these results reveafed that the two-phase alloys did not have 
a constant grain-size before recrystallisation. They, therefore, carried  
out supplementary tests on selected alloys to determine the effect of 
different matrix grain-sizes on the recrystallisation temperatures 
(Ti, T5 and T c). The grain-size dependence of these temperatures was 
found to be more pronounced for the alloys containing the least number of 
particles. Figure 29 illustrates the distinction in grain-size sensitivity  
between dilute and concentrated d ispersions. Mould and Cotterill consequently 
corrected their results to a constant pre-recrystallisation grain-size of 0.14 mm, 
as shown in Figure 26. They concluded that recrystallisation is  accelerated  
as the inter-particle spacing of the Al^Fe inclusions decreases from 15 pm  
to 4 pm. and/or as the original matrix grain-size d ecreases. They 
interpreted their results in term s of an increase in nucleation rate at particle/ 
matrix interfaces and/or at the original grain boundaries with no significant 
change in the growth rate. A hypothesis was also proposed for the retardation 
of nucleation, observed by other workers, in more closely  spaced dispersions 
(see section 1 . 4 . 7 . 3 . ) .
In general, acceleration of the nucleation stage of recrystallisation has 
been qualitatively accounted for on the basis that the prior deformation causes 
increased local lattice curvature adjacent to the partic les. The interfaces 
of the particles with the surrounding matrix then act as sites for the formation 
of recrystallisation nuclei. In this way, an increase in the number of particles 
enhances the nucleation rate. Recent work by Rollason and Martin (130) has 
shown that this effect is  dependent upon the size  and shape of the dispersed  
particles. They suggest that the particle size  must be greater than 0 .3  microns 
for the formation of nucleus embryos, and that embryos formed at coarse  
particles w ill only actually form nuclei if the inter-particle spacing is  large 
enough (e .g . >  1 micron) (see section 1 . 4 . 7 . 3 . ) .
1 . 4 . 7 . 3 .  Retarded recrystallisation.
All the reported cases of particle-retarded recrystallisation have occurred 
for alloys in which the inter-particle spacing has been of the order of a micron 
or le s s .  The s izes  of the particles, when quoted, have been much finer than 
a micron.
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Extensive work has been carried out on the annealing characteristics 
of deformed metals containing a dispersed oxide. In general, the resistance  
to recrystallisation is greatly enhanced by the introduction of such dispersions.
Gatti and Fullman (131) investigated the recrystallisation kinetics of an 
internally oxidised silver-alum inium  alloy. The diameter of the alumina 
particles was in the range 0.005 to 0.01 pm. They found that recrystallisation  
is  retarded by the finely dispersed particles so that the increase in strength 
due to cold-work is retained on annealing at temperatures up to about 700°C.
To account for inhibited recrystallisation, they proposed a mechanism based 
on the model of particle-induced restraint of mobile boundaries (see section
1 . 4 . 7 . 4 . ) .  They postulated that the growth of recrystallisation nuclei stops 
when they first encounter particles.
Grant and his co-workers (132-137) have reported on the recrystallisation  
behaviour of several internally oxidised alloys, mainly copper-alumina and 
copper-silica a lloys. They have presented isochronal annealing data for 
these alloys, although none of their m aterials were previously cold-worked, 
the strength being due to the residual strain from extrusion and the presence  
of the particles. Typical results are shown in Figure 30. It can be seen that 
increasing the volume per cent of oxide (particle diam eters in the range 0 .01  
to 0.03 microns) retards recrystallisation.
In particular, Chin and Grant (137) have correlated inter-particle spacing 
with recrystallisation temperature for copper-alumina a lloys. They have 
shown that by decreasing the spacing from 0 .5  to 0.06 pm, the recrystallisation  
temperature increases from 700°C to over 1000°C. Komatsu and Grant (136) 
reported an effect of particle size and prior deformation on the recrystallisation  
behaviour of a copper - 12 volume per cent silica  alloy. They found that an 
alloy having an intermediate anneal at 800°C followed by 5% deformation 
recrysta llises more easily  than the as-extruded m aterial. They interpreted 
this in term s of particle coarsening (increasing the inter-particle spacing) 
during the intermediate anneal.
To account for delayed recrystallisation in these alloys, Preston and Grant 
(134) postulated the pinning of deformation su b -cells , rather than 
recrystallisation nuclei pinning. (131). They proposed that the dispersion
of particles interferes with the-migration of the sub-boundaries formed 
during deformation, in a manner analogous to the effect of particles on 
the mobility of high-angle boundaries (see section 1 . 4 . 7 . 4 . ) .
Evidence has been produced which indicates that dispersion-strengthened  
alloys owe their excellent strength not only to the pinning of dislocations 
by particles but also to the trapped dislocations them selves. A thoria- 
dispersed nickel alloy only becomes fully resistant to softening at high 
temperatures if it is  repeatedly strained and recovery-annealed (138).
Each cycle re-arranges the dislocation distribution in such a way that 
resistance to recrystallisation is enhanced. It has been proposed (60) 
that this cyclic treatment reduces the inhomogeneity of the dislocation  
distribution. Recrystallisation w ill, therefore, be inhibited owing to the 
lack of regions having a significant lattice curvature (which is  necessary for 
the formation of recrystallisation nuclei). Similar effects have been observed 
in copper-based alloys (128, 130). Humphreys and Martin (37) have observed 
a uniform dislocation arrangement in cold-worked copper alloys containing 
particles le ss  than 0 .3  microns in diam eter. They reported that softening 
of these alloys occurred by recovery rather than recrystallisation.
Other work on thoria-dispersed nickel illustrates its resistance to
recrystallisation. Von Heimendahl and Thomas (139) compared the annealing
behaviour of pure nickel and thoria-dispersed nickel (with the particle
diameter equal to 0.04 microns and the inter-particle spacing about a micron)
after 90% deformation. Pure nickel fully recrysta llises after one hour at 400°C,
whereas thoria-dispersed nickel does not fully recrysta llise  even after an 
o
hour at 1200 C. Inman et a l. (140) reported that the presence of thoria 
particles greatly reduces the nucleation rate of a 2 volume per cent thoria- 
nickel alloy compared with the solid-solution alloy. Webster (146) investigated  
the effect of prior deformation on the annealing characteristics of a sim ilar  
alloy. He found that recrystallisation occurs above 675°C for m aterial 
previously deformed by 87%. For deformations of 70% or le s s , recrystallisation  
begins at about 1200°C but is  never completed at any temperature.
Brimhall et a l. (142) have made a detailed study of the recrystallisation  
kinetics of internally oxidised silver-m agnesium  and copper-silicon alloys 
using transm ission electron microscopy and hardness m easurem ents. Some
of their results are shown in Figure 31. They proposed that the lack of 
recrystallistion is  related to the nature of the sub-structure and the sub­
grain boundaries in these alloys, implying that that resistance to 
recrystallisation is determined by the structure formed on deformation.
They found that, on annealing, the generation of sub-grains from the cell 
structure formed during deformation is  considerably more difficult for the 
m aterials containing dispersed particles than in sim ilarly deformed single 
phase m aterials. In the silver-m agnesia system , containing very fine 
dispersions (average particle diameter 0.005 pm and inter-particle spacing 
0.05 pm), the sm all sub-grains formed on annealing are surrounded by 
low-angle boundaries. They suggested that annealing proceeds by the very  
slow growth of these sub-grains rather than the rapid migration of high-angle 
boundaries during conventional recrystallisation. In the copper-alumina 
alloy with a coarser dispersion (particle diameter 0.03 pm and inter-particle  
spacing 0.25 pm), the sub-grains are larger and are surrounded by higher 
angle boundaries. During annealing* some of the larger sub-grains eventually 
attain high-angle boundaries. However, recrystallisation is  s till appreciably 
retarded. Brimhall et a l . ,  therefore,postulated that, although the minimum  
size for recrystallisation nuclei formation is  achieved, only low-angle boundaries 
surround the larger sub-grains and, consequently, the conditions for 
recrystallisation nuclei formation are not fulfilled. Humphreys and Martin (148) 
also suggested that, although the presence of a fine second phase hinders 
recrystallisation once it has begun, it is  the deformed state which influences 
the recrystallisation characteristics of two-phase alloys.
The extreme case of metals containing a dispersed oxide phase is  sintered  
aluminium powder (S.A.P. ) .  This is  a very stable material containing c lose ly -  
spaced alumina partic les. It has been repotted that the resistance to 
recrystallisation of S .A.P.  increases sharply with increasing alumina content 
(144, 145). Nobili et a l. (145) have shown that the inhibition of recrystallisation  
gives an opportunity for the occurrence of recovery. They suggest that the 
role of the dispersed particles is  to hinder high-angle grain boundary migration 
(needed for recrystallisation) and so permit recovery to occur. Increasing  
the alumina content makes recrystallisation even more difficult while recovery  
can still occur.
A number of studies have been made of the recrystallisation behaviour 
of alloys hardened by phases other than oxides. Detert and Ziebs (72) 
investigated the role of fine precipitates on the recrystallisation of nickel - 
tantalum-oxygen alloys. Although they did not know the composition of 
the precipitates, they found that the fine precipitates formed during annealing 
( i . e .  after cold-working) at the sub-boundaries prevent the formation of 
nuclei and thus inhibit recrystallisation.
Ryum (141, 147) investigated the effect of precipitated AlQZr particles 
on the plastic deformation and recrystallisation of an aluminium-zirconium  
alloy. Some of his results are shown in Figure 32. No dispersion parameters 
were given. The particles were distributed inhomogeneously in fan-shapes.
He found the deformation structure in regions of high particle density to be 
decisively different from that in precipitate-free regions. The production 
of recrystallisation nuclei is  never observed in the high particle density 
regions. He also found grain-boundary movement to be considerably 
hindered by the particles. He, therefore, attributed the increase in 
recrystallisation temperature to two causes: the change in the deformed 
structure due to the presence of the particles, and the pinning effect of the 
particles on the deformed structure and on the low- and high-angle grain 
boundaries. (See also this section).
Sundberg et a l. (143) investigated the effect of silicon and zirconium  
on the recrystallisation behaviour of aluminium. Their alloys were heat- 
treated to give the solid-solution (super-saturated), fine and coarse precipitates, 
and were then deformed by 20, 50 and 90% reductions in thickness. The 
progress of recrystallisation was followed by hardness measurements and 
metallography. They found that the highest recrystallisation temperature 
is  obtained with fine (0.05 microns), densely distributed, stable precipitates, 
zirconium being particularly outstanding in this respect. Large precipitates  
(of the order of a micron) reduced the recrystallisation temperature and 
produced the sm allest as-recrysta llised  gra in -size . The solid-solutions 
used for comparison purposes in this work were super-saturated versions of 
those alloys studied in the two-phase state. It would have been better to 
compare the behaviour of the dispersion alloys with that of the matrix phase 
of the two-phase structures.
Q)
C■o
:?o
KOO6000
B r i m h a l l  e t  a l .  
( 1 4 2 )
T e m p e r a t u r e .  C
l F i g . 3 1 .  H a r d n e s s  as  a f u n c t i o n  o f  a n n e a l i n g  t e m p e r a t u r e  f o r  
s i l v e r - m a g n e s i a  a l l o y s ,  c o l d - r o l l e d  75V.
200 300 400 500
ANNEALING TEMPERATURE, 0  C
600
Ryum ( 1 4 1 )
F i g . 3 2 .  H a r dn e s s  as  a f u n c t i o n  o f  a n n e a l i n g  t e m p e r a t u r e  f o r  
A  s u p e r - p u r e  A 1 . , G  A l - 0 . 5 % Z r  s o l i d - s o l u t i o n  and 
@ A l -0 .5 %Z r  d i s p e r s i o n  a l l o y  a f t e r  6 6 % d e f o r m a t i o n .
•z o°
■ £' FOR 6 B
- 2 ’-O -
—• .__-  4
- 6
1010
D o h e r t y  § M a r t i n  
( 1 2 2 )
TIME FOR S0 % RECRYSTALLIZATION, SEC
F i g . 3 3 ,  A pp are nt  n u c l e a t i o n  and growt h  r a t e s  as  f u n c t i o n s  o f  
t i m e  f o r  50% r e c r y s t a l l i s a t i o n  f o r  a l u m i n i u m - c o p p e r  
a l l o y s  a n n e a l e d  a t  305°C a f t e r  60% d e f o r m a t i o n .
There are several other papers, mainly Japanese work, dealing with the 
influence of zirconium on the annealing of aluminium. Most of them report 
that zirconium retards recrystallisation most strongly as finely dispersed  
precipitates. (See section 1 . 7 . 3 . ) .  However, the particle parameters 
were not quoted in any artic le .
Doherty and Martin analysed the recrystallisation of cold-worked 
aluminium-copper alloys both in polycrystalline (122) and monocrystalline (101) 
form . They showed that an alloy with an inter-particle spacing of 4 pm 
recrysta llises at a much faster rate than that of a solid-solution alloy with the 
same matrix composition (Section 1 . 4 . 7 . 2 . ) .  However, reducing this 
spacing from 4 pm to 1.2 pm causes a drastic retardation of the recrysta lli­
sation p rocess. The s izes  of their particles were always le ss  than 1 pm. 
They made approximate assessm ents of the rates of nucleation and growth, 
and plotted them as a function of the time for 50% recrystallisation (Figure 
33). Doherty and Martin concluded that retarded recrystallisation is  due to 
inhibited nucleation and not grain-boundary pinning. The variation of 
apparent nucleation rate with a parameter, R, is  shown in Figure 19 for both 
polycrystalline and single crystal specim ens (R is  the radius of a sphere 
containing each particle and its associated solid-solution; it is  proportional 
to the inter-particle spacing). It can be seen that for R values below 0 .8  
to 1 .0  pm , the nucleation rate falls drastically. The increased rate of 
nucleation due to the presence of grain-boundaries can also be appreciated 
from this diagram. Doherty and Martin have suggested that this critica l value 
of R corresponds to the critical size  of a preformed nucleus. They proposed 
that, unless nuclei have become mobile before impingement on the second 
phase particles has occurred, nucleation w ill be very difficult and the 
recrystallisation process w ill be retarded.
Humphreys and Martin (128) investigated the effect of dispersed silica  
particles on the recrystallisation behaviour of deformed single crystals  
of copper. They confirmed Doherty and Martin's work that the sam e phase 
can accelerate or retard primary recrystallisation in a given system  and 
that the decisive parameter is  the inter-particle spacing. However, unlike 
Doherty and Martin, they reported that the apparent nucleation and growth 
rates of recrystallisation nuclei are both affected by comparable amounts 
with changes in inter-particle spacing. They interpreted this anomaly in
term s of a difference of inte^facial energy between the silica  particles 
and their matrix and the Cu Al^ particles and their m atrix. Mould and 
Cotterill (124), however, have shown that the apparent growth rates obtained 
by Doherty and Martin (122) do vary with inter-particle spacing. This is  
clearly illustrated in Figure 33.
Mould and Cotterill (124) further utilised Doherty and Martin's results  
(122) together with their own for dilute aluminium-iron alloys to postulate a 
model which could account for inhibited or accelerated recrystallisation in 
term s of sub-grain boundary pinning at or below a critical inter-particle  
spacing. They proposed that if the particle spacing is  le ss  than or equal 
to the sub-cell s ize  after deformation, then recrystallisation delay w ill occur. 
Conversely, for coarse dispersions at spacings greater than the sub-cell 
s ize , accelerated recrystallisation is  expected. Figure 35 shows their 
diagrammatic summary of the influence of degree of dispersion of a second 
phase on the recrystallisation behaviour of cold-worked m etals.
Rollason and Martin (130) have recently studied the effect of particle size  
on the annealing behaviour of cold-worked copper-silica and aluminium-copper 
single crysta ls. They were mainly concerned with the effect of increased  
dislocation density due to the presence of particles on the nucleation stage 
of recrystallisation. They concluded that, for optimum, recrystallisation  
resistance in their alloys, the dispersed particles should have a diam eter 
below the range 0 .3  to 0 .5  pm  in order to suppress the development of 
local lattice curvatures on deformation. For effective resistance to 
recrystallisation, they suggested that dispersed particles of this diam eter 
should be distributed at inter-particle spacings of not more than 1 pm .
1 . 4 . 7 . 4 .  Retardation of grain boundary migration by a fine dispersed phase.
The effect of finely dispersed particles on grain-boundary migration was 
first examined in connection with grain growth (Section 1.5).  The fundamental 
theory has been presented by Smith (149) who followed an unpublished 
treatment by Zener.
Zener has shown that the maximum restraining force per unit area of 
boundary is  given by
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F = n n  r<|> . . . (16)
where n = number of particles per unit area of grain boundary 
r = particle radius
<j) = specific boundary interfacial energy (equivalent to a 
surface tension)
For random positioning of the grain boundary, the particle density is  given 
by (150)
n =  3f . . . ( 17 )
2 tt r 2
where f = volume fraction of particles
Substituting for n in equation (16) gives the maximum restraining force:
F = 3 f 4» . . . (18 )
2 r
The assumptions made in deriving this equation are that the particles 
are uniform spheres randomly distributed, that the particle/m atrix inter­
facial energy is  independent of the matrix orientation, and that the grain 
boundaries are approximately plane and randomly positioned.
If the boundary is  migrating entirely underthe influence of its own interfacial
tension and the grain periphery has a minimum radius of curvature, C, then,
the driving force for migration is  given by 2 <|> .
C
For a homogeneous grain structure, C is  approximately equal to the main 
grain diameter, D . As grain growth occurs, D increases and the driving 
force dim inishes. Eventually, a critical grain diameter is  reached when 
the drag exerted by the particles balances the driving force. The critica l 
grain diameter, Dc, is  then given by the condition
F = 2 (j> . . . ( 1 9 )
Dc
Therefore, the critical grain diameter is  found by substituting for F in 
equation (19):
D C = §  . . . (2P)
/
It is  obvious from equation (20) that a given volume fraction of particles
w ill be much more effective in lim iting grain growth when the particle size
is  very sm all. In primary recrystallisation, where the driving force is
much greater than 2 $  , the restraining effect due to particle drag w ill 
C
not be as effective (see section 1 . 4 . 7 . 3 . ) .
A quantitative experimental verification of Zener*s relation has not been  
made, although it is  generally accepted as valid.
1.5. Grain Growth
When primary recrystallisation is  complete, the grain structure of a 
metal is  still not stable. Although the retained stored energy of cold-work 
has been spent, the metal can further approach stability by reducing the 
total surface area of its grain boundaries. Therefore, during grain growth 
the number of grains decreases, the grain boundary area dim inishes and 
the total surface energy is  lowered accordingly. The detailed grain 
morphologies produced during grain growth have been discussed by McLean (55).
As the growth of cells  in a foam of soap bubbles also occurs as a result 
of a decrease in surface energy, such froths have been used as a quantitative 
analogy for an unstable grain structure (149). In a soap-bubble array, it 
has been experimentally confirmed (151) that the bubble diameter, D, follows 
a time law, as follows:
= A (21)
dt D ;
This law follows directly from the hypothesis that the rate of boundary migration 
is  inversely proportional to the mean radius of curvature, and that this in turn 
is  proportional to D. Integration of equation (21) leads to the expression
D2 -  D 2 = kt . . . (22 )o
where Dq = size  of average cell when t = 0
k = constant
2 2 Assuming that Dq can be neglected compared with D , the ideal grain growth
law can be stated in the sim pler form
I
D = kt2 . . . (23 )
Experimental grain growth data for a number of pure metals correspond 
to em pirical equations of the form
D = ktn . . . (24 )
where the grain growth exponent, n, is , in most ca ses , sm aller than the value 
predicted by equation (23). A lso, Fullman (151) has shown that n is  not constant 
for a given metal or alloy, if the isothermal reaction temperature is  changed.
The exponent increases with increasing temperature, tending towards the
predicted value, J.
The grain growth law (equation 23) can be disturbed by a number of 
factors. In particular, solid solution impurities slow down and may 
eventually stop grain-growth. This has been dealt with in section 1 . 4 . 6 . 2 . 3 .
A dispersed phase can also retard boundary motion and bring grain 
growth to a halt. (See section 1 . 4 . 7 . 4 . ) .  Beck et a l. (168) studied the effect 
of particles on grain growth in an aluminium -1 . 1% manganese alloy. The 
Mn Al^ particles in this alloy exist up to 625°C, but dissolve above 650°C.
At 625°C and below, grain growth is  almost completely stopped (n r* 0.02) .  
However, at 650°C, grain growth proceeds very rapidly, with n approaching 
the theoretical value.
It can be concluded that the retarding effect of impurities, whether in solid- 
solution or as second phase particles, on boundary migration is  reduced as the 
temperature is  increased, and grain growth then occurs under conditions c losely  
resem bling the growth of soap c e lls .
1.6. Summary
The prior history of metals governs to a great extent their recrystallisation  
behaviour. The amount, nature and temperature of deformation all affect 
the cold-worked structure, which in turn influences recrystallisation. The 
extent of recovery also affects recrystallisation.
The main points and factors concerning the annealing of cold-worked 
metals w ill now be outlined.
(a) Recrystallisation is  a two-stage process of nucleation and growth.
(b) Several nucleation mechanisms have been proposed.
(c) The growth of recrystallisation nuclei occurs by the migration 
of high-angle boundaries through the deformed structure.
(d) When the recrystallisation nuclei have completely occupied the 
deformed structure, primary recrystallisation is  completed.
(e) Grain growth occurs after primary recrystallisation.
(f) Solid-solution elem ents affect the formation of a sub-grain  
structure during deformation.
(g) Solid-solution impurities decrease grain-boundary mobility 
during annealing.
(h) Second-phase particles influence the formation of a sub-grain  
structure during deformation.
(i) Second-phase particles affect the migration of low- and high- 
angle boundaries during annealing.
(j) The size and spacing of second-phase particles affect the rate 
of recrystallisation.
1.7. The present work .
1 .7 .1 .  Objectives
Two different technological aspects of the annealing behaviour of cold- 
worked metals are of interest. In some cases, a material which recrysta llises  
easily  and, therefore, produces a fine grain-size is  required. In other 
instances, a material with the highest possible recrystallisation temperature 
is  needed in order to increase the temperature range over which the increased  
strength due to cold-work can be retained. In any event, it is  necessary to 
have knowledge of the recrystallisation temperature range because:
(a) it denotes the maximum service temperatures for work-hardened 
metals;
and (b) it signifies the minimum temperature at which hot working can be 
carried out.
Although the information outlined in the literature survey has shown 
the possib ilities of retarded or accelerated recrystallisation as a function of 
particle size  and spacing, these modes of behaviour have not been widely 
studied within any one alloy system . In general, previous correlations have 
been made by comparing different sets of work in different alloy system s.
The present work, therefore, was initiated to study the role of second-phase 
particles on the transition from accelerated to retarded recrystallisation, 
and to gain more information concerning the influence of initial grain-size and 
amount of prior deformation.
1 . 7 . 2 .  Selection of alloy system
The choice of alloy system  is  governed by the objectives outlined in section
1 . 7 . 1 .  For this type of investigation, the important requirements of an alloy  
system  are the ability to produce a range of particle s izes  and spacings, and 
particle and matrix stability.
There are several ways in which dispersion alloys can be produced.
(i) By the precipitation of particles from a super-saturated solid-solution .
Recrystallisation characteristics can be studied when the second-phase 
particles are fully incoherent. The particles are then very fine and very
closely  spaced. (For example, the work of Doherty and Martin (122).) 
However, unless recrystallisation occurs below the over-ageing  
temperature, annealing for constant tim es at different temperatures 
produces a variable solid-solution composition, particle size  and 
particle density. It is  also difficult to obtain coarse, widely-spaced  
partic les.
(ii) By the hot-working of a s-ca st structures
The second-phase must be a very hard and stable interm etallic compound, 
the solid-solubility of which must decrease very rapidly with decreasing  
temperature and approach zero at as high a temperature as possib le.
The a s-ca st eutectic or peritectic structure has to be broken down to 
produce an even distribution of coarse, very stable partic les. (For 
example, the work of Mould and Cotterill (124).) The use of such alloys 
enables isochronal annealing to be employed for recrystallisation studies.
(iii) By powder metallurgy or the internal oxidation of alloys
Powder metallurgy is  used to produce dispersion alloys by compacting,, 
hot pressing and extruding a mixture of finely divided metal powders and 
oxide or interm etallic compound powders. (For example, the work of 
Nobili et a l. (145).)
Dispersions of a finely divided oxide in a metal matrix can also  be 
produced by the internal oxidation of alloys in which the solute metal 
forms a more stable oxide than the solvent metal, and in which the solvent 
metal has an appreciable affinity for oxygen. The alloys may be internally 
oxidised as sheet or w ire, or in the form of powder which is  consolidated 
by powder metallurgy methods. (For example, the work of Humphreys and 
Martin (128).) However, different particle s izes  are produced, resulting  
in non-uniform particle spacings. The recrystallisation temperature 
range can also be investigated by means of isochronal annealing.
It was decided to use a two-phase aluminium binary system  which would 
lend itse lf to the production of dispersions by methods (i) Cfor closely-spaced, 
fine particles]] and (ii) Cfor widely-spaced, coarse particles]]. Figure 36 
and Table 1 indicate that the use of a peritectic system  may be more 
advantageous than a eutectic system  for recrystallisation studies. In
particular, Figure 36 shows that the amount of second-phase desired can 
be achieved more accurately in a peritectic system  as the solute range is  
much longer. A lso, the sluggishness of the peritectic reaction enhances 
the formation of a super-saturated solid-solution under very fast cooling 
conditions.
Therefore, it was decided to use a peiitectic alloy system , and the system  
aluminium-zirconium was adopted. Forging was selected as the most 
favourable method for breaking down a s-ca st structures because a more 
uniform deformation distribution is  created than in rolling or extrusion.
The purpose of this investigation is , therefore, to examine the influence 
of zirconium on the recrystallisation of aluminium in an attempt to clarify the 
conditions which cause recrystallisation to be accelerated or retarded.
The variables are the alloy composition, initial grain-size, amount of prior 
deformation, and the particle size  and distribution.
1 . 7 . 3 .  The characteristics of the aluminium-zirconium system
Dilute aluminium-zirconium alloys undergo a peritectic type of reaction  
at 6 6 0 .5°C between the melt containing 0.11 wt.% Zr and Al^Zr to form an 
aluminium-rich solid-solution containing a maximum of 0.28 wt.% Zr.
The solid-solubility of zirconium in aluminium decreases with falling 
temperature to about 0.05 wt.% Zr at 500°G (152). The relevant portion 
of the equilibrium diagram is  shown in Figure 37.
The zirconium -rich constituent, Al^Zr, consists of very stable body- 
centred tetragonal crystals of structure type DO^  ^ and lattice param eters 
of a = 4.013 R and c = 17.32 X . (152, 153). Pearson (154) quotes the 
experimentally measured density of single crystals of Al^Zr as 4.11 g m s/c c .  
The same figure has also been obtained by calculations based on X -ray m ea­
surements .
The annealing behaviour of various aluminium-zirconium alloys has 
been studied by several workers, with partially contradictory resu lts.
Particle size  and density have only been quoted by Sundberg et a l. (143).
It has m ostly been reported that zirconium retards recrystallisation most 
strongly as finely dispersed precipitates. Quantitative values of the 
recrystallisation temperature of aluminium when influenced by zirconium
(wt< .o lu te ) A1
(v t£  so lu te )
temp* C (vt>  s o lu te )
Al-Co _ 0.02 1.0 657 e COgAlg 32.7 943
Al-Fe 0.006 0.05 1.7 655 e FcA lj 41.0 1160
Al-Ni 0.006 0.05 5.7 640 e N iA lj 42.0 854
Al-Ti 0.24 1.15 665 P T iA lj 37.3 1340
A l-7r 0.05 0.28 660.5 P ZrAl^ 53.0 1580
Table 1. Data f o r  aluminium a l l o y s  which show n e g l i g i b l e  
s o l i d - s o l u b i l i t y  o f  an i n t e r - m e t a l l i c  compound.  
C o l l a t e d  from Hansen (166)
H rH in ': p o in t 
•if in t e m c ta  I i i c 
compound ( I )
M olting  p o in t 
o f in t e r m e ta l l ic  
compound (2 )
H c lt in p  p o in t 
o f aluminium
S tan d a rd i s a t i  on 
te m p era tu re
WFIGHT *< S01.UTF
F i g . 36.  Schemat ic  comparison o f  e u t e c t i c  and p e r i t e c t i c
sys tems o f  aluminium a l l o y s  which show n e g l i g i b l e  
s o l i d - s o l u b i l i t y  o f  an i n t e r - m e t a l l i c  compound.
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F i g . 37.  The a luminium-zirconium e q u i l i b r iu m  diagram.
additions have been obtained from the literature and are shown in Figure 
38 and Table 2 .
Yamada (155) has reported that 0.25% Zr has the same retarding effect 
on aluminium whether in solid-solution or as fine precipitates. However, 
0.45wt .  % Zr as fine precipitates has a much greater effect than the same 
amount in solid-solution.
The work of Araki and Komori (156-158) is  somewhat confusing. In 
one paper, they report that precipitation heat-treatment at 500°C before 
deformation does not alter the recrystallisation temperature compared 
with the equivalent solid-solution (156). In other papers, they indicate that 
a heat-treatment at 450°C or 500°C before deformation (158) or one at 300°C 
after deformation (157) elevates the recrystallisation temperature compared 
with the solid-solution.
Nishikawa et a l. (159) have reported that 0.15 to 0.2 w t. % Zr considerably 
ra ises the recrystallisation temperature of aluminium. They have also shown 
that 0 .3  w t. % Zr as fine precipitates has a greater retarding effect than the 
same amount of zirconium in solid-solution (160). Further results indicate 
that, after precipitation heat-treatm ents at different temperatures, the 
material which ought to have the largest precipitates, has the lowest 
recrystallisation temperature (161).
Ryum (141, 147) found that, after a heat-treatment at 500°C, 0 .5  w t. % Zr 
impedes recrystallisation far more as the fine transitional precipitates than 
as the same amount in solid-solution.
v The work of Sundberg et a l. (143) shows that, for a 0 .3  wt. % Zr alloy, 
"coarse" precipitates (0.2 pm ), produced by a heat-treatment at 500°C, 
accelerate recrystallisation whereas "fine" precipitates (0 .1  pm),  produced 
by a heat-treatment at 400°C, retard the recrystallisation process compared 
with the equivalent solid-solution. They also report that 0.63 w t. % Zr, 
when present as fine precipitates after a heat-treatment at 400°C, has a 
greater retarding effect than the same amount in solid-solution.
250
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F i g . 38.  50$ s o f t e n i n g  t emperatures  as a f u n c t i o n  o f  pe r ce n t  
Zr and p r e c i p i t a t i o n  c o n d i t i o n s .
A uthor Symbol 
F H C
2 Zr *
Deform ation
A nnealing 
Time mins
50'? S o ften in g  
T em perature C
Yam&da
(155)
A A V 0.25 90 20 F 382 
H 379 
C 340
0.45 90 20 F 533 
H 406 
C 379
Rvura
' (HI)
©  O 0.50 66 60 F ■ 590 
H 440
Sundterg  
e t  a l .
(143)
0.05 90 30 H 305
0.30 90 30 F 340 
H 335 
C 310
0.63 90 30 F 500 
H 485
0.05 50 30 H 320
0.30 50 30 F 360 
H 355
c 310
0 .6 3 50 30 F 600 
H 470
0.05 20 30 H 355
0.30 20 30 F 450 
H 370 
C 370
Araki &
Komori
(156-158)
•  D 0.2 3 90 30 F 518 
H 408
0.30 90 30 F 555 
H 427
0.36 90 30 F “>65 
U 464
Niahikava 
c t  a l*  
(159-161)
0.31 70 60 F 480 
C 350
0.34 70 60 F 500c 320
Table 2.  Values  of  50$ s o f t e n i n g  temperature  f o r  s e v e r a l  
aluminium-zirconium a l l o y s  a f t e r  v a r i o u s  h e a t -  
t r e a t m e n t s ,  amounts o f  deformat ion and t im es  o f  
a n n ea l i ng .
2. EXPERIMENTAL TECHNIQUES
2.1  Introduction
Eleven alloys were investigated, ten of which were two-phase structures 
containing stable Al^Zr particles dispersed within a constant composition 
aluminium-zirconium solid-solution. Hardness and metallography were 
used to examine the recrystallisation characteristics of these alloys as 
a function of their composition, particle size  and distribution, matrix grain- 
size  as w ell as the amount of prior deformation.
The alloys were prepared by melting selected quantities of aluminium  
and zirconium. Relatively coarse dispersions were produced by forging 
specimens having two-phase, a s-cast, peritectic structures. Finer 
dispersions were obtained by the precipitation of Al^Zr particles within 
specim ens cast as super-saturated solid-solutions. A carefully devised 
combination of deformation and annealing treatments was then used to complete 
the homogenisation of the particle distribution, and to produce controlled 
variations in the matrix grain-size, under conditions which lead to a constant 
solute content in the matrix of all the two-phase alloys.
Typical samples were examined metallographically at each stage in the 
specimen production sequence, and their final constitution and structure were 
assessed  by a combination of chemical analysis, X-ray analysis and quanti­
tative metallography.
The overall sequence of experimental procedures is  indicated in Figure 
39, and the individual techniques are described, in detail, in the following 
sections.
ALUMINIUM 9 9 .9 8 p u re
ZIRCON I  I’M 99 .80 p u re
/c\
CHILL CAST 
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\
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F i g . 39.  Flow s h e e t  o f  expe r im ent a l  t e c h n i q u e s .
2 .2 . Specimen preparation
2 . 2 . 1 .  Materials
The m aterial used as a base for the production of all the alloys was 
super-pure aluminium. This was supplied by the British Aluminium Co. Ltd.,  
who gave the specification as 0.0026 wt.% Fe, 0.0065 wt.% Si and 0.0005 wt.
% Cu. The zirconium (purity 99.8 %) was supplied in the form of sponge 
pellets (2 to 12 mm) by Metals Research Ltd.
2 . 2 . 2 .  Casting
2 .2 . 2 . 1 .  Alloys with a two-phase a s-cast structure
Preliminary experiments revealed that the preparation of these alloys 
required great care. Initially, m elts were ch ill-cast into a rectangular mild 
steel mould of dimensions 10 cms length x 5 cms width x 15 cms height.
However, this produced an uneven distribution of the second-phase. It was 
decided to improve the distribution by increasing the solidification rate of the 
castings. This was done by water-cooling the same mould. Better structures 
were only achieved for low zirconium contents only. A faster cooling rate 
was obtained by chill-casting the alloys into a vertical cylindrical mild steel 
mould of dimensions 21 cms height by 4 .7  cm s internal diam eter. A uniform  
distribution of Al^Zr plates throughout the castings was obtained. This method 
was, therefore, adopted.
The alloys were melted in a gas-fired furnace using plumbago crucib les.
The addition of zirconium pellets to the molten aluminium took place under 
a cover of charcoal. The melt was then stirred with dry graphite rods to 
ensure good mixing of the two m etals.
Each melt was given two degassing treatments, using "Foseco degasser 190” . 
The first treatment took place just before the introduction of the zirconium p e lle ts . 
The m elts were finally degassed before pouring. Then, they were cast into 
the mould from a temperature just above the liquidus of the particular alloy  
being prepared. High casting temperatures were necessitated by the high 
liquidus of the system .
A primary pipe was present in each ingot to a depth of 2 cm s.
Therefore, the top 3 cm s of a ll the ingots were removed, and the remaining 
cast-surfaces were ground to remove any surface defects and oxide skin.
Each prepared ingot yielded a minimum of six  blocks of dimensions 2 .5  cm  
width x 2 .5  cm thickness x 3 .8  cm length. Metallographic examination 
revealed an even distribution of A lQZr plates throughout the blocks, which 
were then ready for the forging treatment.
2 . 2 . 2 . 2 .  Alloys with a super-saturated solid-solution structure
A preliminary experiment revealed that very rapid solidification of an 
alloy of this system  caused the peritectic reaction to be suppressed with the 
resultant formation of a super-saturated solid-solution. Further heat-treatment 
at a temperature just below the peritectic horizontal for ageing tim es in 
excess of 120 hours produced an even distribution of fine Al^Zr partic les.
This method was, therefore, used to produce three alloys.
These alloys were melted and degassed exactly as outlined in section 2 . 2 . 2 . 1 .  
However, they were ch ill-cast into a cylindrical copper mould set in an aluminium 
block. The mould was of the dimensions 22 cms height x 1.2 cms internal 
diam eter. It had a wall thickness of 1.6 cm s and the surrounding aluminium  
block had a thickness of 4 cm s.
Each ingot was machined to give flat edges, and was then ready for the 
ageing treatment.
2 . 2 . 3 .  Production of homogeneous dispersions
2 . 2 . 3 . 1 .  Forging of two-phase alloys
A preliminary experiment indicated that the best structure for these alloys 
was obtained by initially cold-forging the ingot blocks, followed by a hot-forging  
sequence carried out at a maximum temperature of 630°C. During cold-forging, 
the blocks were axially compressed through their longest dimension until an 
equivalent radial expansion was produced. This was done for 5 p a sses , and 
the blocks were rotated through 90° between each p ass.
The first stage of the hot-forging sequence consisted of the same treatment 
carried out during cold-forging. In the final stage of hot-forging, the blocks
were axially compressed into the shape of a boat (thickness 1.3 cm) which 
was then forged through its width until a strip of dimensions 31 cm s length
x 1.3 cms width x 0.65 cm s thickness was produced. The hot-forging 
sequence consisted of 20 p asses, and the blocks were reheated to the forging 
temperature and rotated through 90° between each p ass.
The forging operation can be summarised as follows:
Cold-forging: From 3 .8  cms to 1.95 cms for 5 passes  
Hot-forging: From 3 .8  cm s to 1.95 cms for 5 passes
From 1.95 cms to 1.3 cms for 5 passes  
From 1 .3  cms to 0.98 cms for 5 passes  
From 0.98 cms to 0.65 cms for 5 passes
A total of 25 passes was used.
Metallographic examination indicated that second-phase particles were 
evenly distributed throughout the str ips. 4 cms were removed from each end 
of the strips which were then lightly ground to give parallel s id e s . The 
strips were then ready for further treatm ents.
2 . 2 . 3 . 2 .  Precipitation from super-saturated solid-solution alloys
A preliminary experiment indicated that the second phase was precipitated
after long annealing tim es ( >  80 hours) at 600°C. This is  in agreement
with the work of Ryum (147), who reprted that tetragonal Al^Zr particles
o
appeared after 120 hours at 500 C.
Therefore, the machined slabs from the casting stage were lightly cold- 
rolled (15% reduction in thickness) and fully aged at 630°C for 170 hours, 
followed by furnace cooling. These strips were then available for the 
subsequent experim ents.
2 . 2 . 4 .  Standardisation of matrix-phase
2 . 2 . 4 . 1 .  Solute content
A cold-rolling treatment was given to the strips from all the a lloys. This 
was followed by a recrystallisation anneal at 450°C for 48 hours for the 
dispersion alloys and 2 hours for the solid-solution alloy and super-pure
aluminium. This heat-txeatment ensured that the solute content of the 
matrix in all the two-phase alloys was equal to the equilibrium solubility 
lim it at 450°C. After water-quenching from 450°C, the strips were then 
ready for the final cold-rolling and annealing treatm ents.
2 . 2 . 4 . 2 .  G rain-size
For a ll the alloys, the effect of deformation on grain-size after annealing 
at 450°C was determined. This was done by varying the degree of the 
cold-rolling treatment during the intermediate process performed to standardise 
the solid-solution content (as described in section 2 . 2 . 4 . 1 . ) ,  and measuring 
the resultant gra in -size .
From the plots of grain-size against deformation, the amount of cold-work 
required to produce a constant original grain-size of 0.08 mm in each of the 
two-phase alloys was determined. This deformation was then applied to the 
strips during the intermediate treatment. In such a way, the same initial 
grain-size could be produced in all the two-phase alloys.
Three alloys were selected to investigate the effect of original grain-size  
on recrystallisation. These were a solid-solution alloy (0.02 wt.  % Zr) and 
two dispersion alloys (1.30 % Zr and 9.18 % Zr). A grain-size variation 
was achieved in each alloy by varying the degree of deformation carried out 
during the intermediate treatment.
2.3 . Specimen assessment
2 . 3 . 1 .  Constitution
2 . 3 . 1 . 1 .  Composition
Samples from each alloy were analysed by Acloque (M etallurgists) Ltd. 
for zirconium, iron and silicon . They were degreased and lightly pickled 
prior to analysis.
2 . 3 . 1 . 2 .  Phase analysis
The Debye-Scherrer powder-diffraction method was used to identify 
the phases present in two alloys, 1.10% and 6.97 % Zr. Samples from each 
alloy were filed to a powder. Unfiltered copper radiation was used. The 
film s were analysed by means of a ’d'-spacing ruler, and the values obtained 
were compared with those given in the ASTM Index. (Card No. Z - 1093).
2 . 3 . 2 .  Metallography
2 . 3 . 2 . 1 .  Specimen preparation
This section deals with the techniques by which specimens were prepared 
and examined.
2 . 3 . 2 . 1 . 1 .  Optical microscopy
Specimens for metallographic examination were ground through su ccessively  
finer grades of silicon carbide paper, using water as lubricant and coolant.
They were then given a final polishing on polishing cloths impregnated with 6 p , 
and, lastly, 1 p diamond polishing compound. Specimens were then given a 
short (1 minute) electro-polishing treatment in a solution of 5% perchloric 
acid - glacial acetic acid using an aluminium cathode. A voltage of 18 volts 
was applied and stirring at about 100 revolutions per minute was used. The 
specimens were imm ersed in water immediately after the electro-polishing  
operation.
In the as-polished condition, Al^Zr particles were easily  discernible and 
appeared light-grey. None of the standard reagents used to identify constituents 
in aluminium alloys caused any alteration in them.
For further metallographic examination, specim ens were prepared by 
electrolytic etching. The best results were obtained when an anodising 
solution of 5% hydrofluoroboric acid in distilled water was used at a 
potential of about 22 volts for three minutes. A carbon cathode was used.
This method produced an oxide film  which gave good grain contrast when 
viewed under polarised light. Grain boundaries could also be clearly  
observed when viewed under "normal light" conditions.
2 . 3 . 2 . 1 . 2 .  Electron (stereoscan) microscopy
Conventional m icroscopic examination of all the alloys in the as-polished  
condition indicated that the particle shape could not be approximated to spheres, 
as is  normally the case in recrystallisation studies. Scanning electron  
microscopy was, therefore, utilised to determine the true shape of the partic les.
Samples from every alloy were imm ersed in a normal solution of caustic 
soda. This partially dissolved the matrix without attacking the Al^Zr partic les. 
After washing and drying, the specimens were examined in a Cambridge 
"Stereoscan" Mark IIA at magnifications in the range x600 to x6000.
2 . 3 . 2 . 2 .  Quantitative metallography
2 . 3 . 2 . 2 . 1 .  Matrix grain-size
The grain-size was determined by a lineal intercept method, using the 
number of grain boundaries crossed in a known distance to calculate the 
average grain diam eter. For all worked specim ens, the grain-size was 
measured in a section perpendicular to the working direction. The number 
of grain boundaries crossed were counted in a single traverse from one edge 
of the specimen to the other. This was checked by reversing the direction  
of traverse. The determination was carried out on a movable m icroscope 
stage so that the traverse distance could be accurately measured. Counts 
were made for five traverses across the widths of the specim ens, and three 
traverses across their thicknesses. An average of these results gave the 
final gra in -size.
2 . 3 . 2 . 2 . 2 .  Particle shape
Certain characteristics applicable to system s of particles in a matrix 
can be measured exactly without any special assumptions; for example, 
the volume fraction and the mean free path. Other properties, including 
nearest-neighbour distances (e .g .  A 3) cannot be obtained rigourously, 
particularly when the shape of the particles must be specified. In these  
cases, it is  necessary to approximate the true particle shape to some 
geom etrical figure, and base any calculations on this approximation.
In the present work, optical microscopy and stereoscan observations indi­
cate that the real particles of Al^Zr can be approximated to the ideal shape 
of a square plate for the purpose of further calculations (See Figures 41 and 
42).
2 . 3 . 2 . 2 . 3 .  Particle distribution
Particle counting was carried out on two specimens for each alloy. The 
specim ens were transverse sections taken from the strips which had had the 
solid-solution standardisation treatment. They were polished as outlined 
in section 2 . 3 . 2 . 1 .
For Na  determinations, the specimens were examined on a Z eiss Ultraphot 
II photomicroscope at magnifications in the range x277 to xl038.  Several 
photographs were taken at random positions of each specim en. The number 
of particles was counted on each photograph. An average value was obtained 
to give the number of particles per unit area.
was determined by a lineal intercept method, sim ilar to the one 
outlined in section 2 .3 . 2 . 2 . 1 . ,  using the number of particles intercepted in 
a known distance. The determination was carried out on a m icroscope with 
a travelling stage attachment. A magnification of x600 was used. Counts 
were made for 5 traverses across the widths of the specim ens, 3 across their 
thickness, and 1 traverse along each diagonal. An average of these results 
gave the final value for .
2 .3 .2 .2 .4 . -Particle size
By assuming that the real particles approximate to the ideal shape of a 
square plate, there exist exact relationships which yield the true dimensions 
of the particles (162):
a = 2Nl
n T
and 2t = L = 1
Nl
where ’a ’ is  the edge and V  is  the thickness, and ’a* is  much greater than V .
Therefore, by determining the number of particles in a plane of polish, 
N^, and the number of particles intercepted in a unit length of test line, N^, 
the true particle dimensions can be calculated. The values obtained can be 
compared with the results obtained from measurements on the stereoscan  
prints.
2 . 3 . 2 . 2 . 5 .  Particle volume fraction
The volume fraction of dispersed particles can be calculated theoretically  
from the Al-Zr equilibrium diagram, using the following information:
(a) composition of the alloy = x wt.% Zr
(b) composition of the solid-solution
at 450°C = 0.03 wt. % Zr
(by extrapolating Fink and W illey’s 
results (152))
(c) density of the solid-solution = 2 .7 0  gm /cc
(Smithells (165))
(d) composition of ALZr = 52.99 wt.% Zr
(Hansen (166))
(e) density of ALZr = 4 .1 1  gm /cc
(Pearson (154))
The volume of A ^Z r is  given by (^2 ' 0 03  ^ X T T l
52.99 - x 1
and the volume of solid-solution is  (c *no— ttTiq) x
O Z a y y  -  U . U o  2 . / U
Therefore, the volume fraction is  equal to
Fv  = 2.70 (x - 0.03)
2 .70  (x - 0 .0 3 )+  4.11 (52.99 - x)
.(25)
.(26)
.(27)
2 .3 .2 .2 .6 . Inter-particle spacings
The m ean-free path, X , as defined by Fullman (163) is  valid regardless 
of the size , shape or distribution of particles. It is given by
x _ 1 ~ Fv ...(28)
n l
This spacing represents the uninterrupted inter-particle distance through the 
matrix averaged between all possible pairs of partic les. It is  essentially  a 
mean edge-to-edge distance.
The mean random spacing, a , represents the mean uninterrupted centre- 
to-centre length between all possible pairs of particles, and is  equal to the 
reciprocal of N-^  . A lso, the difference between a  and X gives L^.
Therefore, by knowing F y  and , the mean free path and the mean 
random spacing can be determined.
Two precisely  defined nearest-neighbour distances are known. They are 
denoted by A„ and A9, and are defined as the average centre-to-centreo Z
distance between any particle and its nearest neighbour in a random distribution 
of particles, in a volume and in a plane respectively. Gurland (164) has given 
formulae for these distances.
A^ is  derived as follows:
The probability that a particle exists within the spherical shell between
R and R + dR is
P (R) dR = 1 - C R P (R) d R 4 tt R N y . dR . . . ( 2 9 )
/o
The function that satisfies equation (29) is  found to be
4 3
2 - a " R NvP(R) = 4 ttR Ny . e . . . ( 3 0 )
Ny is the number of particles per unit volume. By definition,
A3 J  R.P(R) dR . . . ( 3 1 )
Substituting equation (30) into equation (31) and integrating, the following
equation is obtained
A3 = 0.554 Ny
“ 1
3
For particles conforming to the shape of a square plate,
NV =
2Nl
Consequently, A^ can be determined. A sim ilar derivation gives the 
following result for :
A2 = 0 .5  Na 4
Therefore, knowledge of N^ and N^ gives directly values for A^ and
2.4 Study of reorystallisation characteristics
2 . 4 . 1 .  Deformation
All the alloys were given their final amount of cold deformation (10, 30 
or 60% reduction in thickness) in a two-high m ill with 15 cms diam eter ro lls .
A series  of passes was used to obtain the required final thickness. A 
reduction per pass of 0.25 mm was aimed at until the strip thickness approached 
the final value. Then, sm aller reductions were applied.
The rolling speed was always low enough to prevent the temperature of 
any strip rising.
The cold-rolled strips were cut into several specim ens, ^-1 .5  cm x  1.5 cm.  
Their sawn edges were lightly ground to remove any heavy localised deformation 
before the final annealing treatments were carried out.
2 . 4 . 2 .  Annealing
2 . 4 . 2 . 1 .  Isochronal annealing
Specimens were given annealing treatments of one hour at temperatures in 
the range 100°C to 500°C. The furnaces used for the heat-treatm ents were 
as follows:
(a) Oil-bath, with a means for circulating the o il. The oil was heated 
by an imm ersion elem ent. The accuracy of the furnace was + 3°C, 
and it was used in the temperature range, 100°C to 200°C.
(b) Salt-bath. A bath of ’’C assel TS 150” salt was regulated by 
means of a Eurotherm thyristor temperature controller. The 
furnace, which was accurate to + 1°C, was used in the temperature 
range, 200°C to 500°C.
After being held at temperature for one hour, the specimens were 
immediately quenched into water.
2 . 4 . 2 . 2 .  Isothermal annealing
Specimens were isotherm ally annealed in the salt-bath furnace at temperatures 
of 335°C and 375°C. The time of annealing was measured from the moment
the specimens were imm ersed into‘the bath until their removal. After 
annealing, the specimens were water-quenched.
2 .4 .3 .  A ssessm ent of recrystallisation
2 . 4 . 3 . 1 .  Macrohardness measurements
Specimens for hardness testing were ground until approximately one-third 
of their surface was removed, and then polished to a one micron diamond 
finish.
Vickers hardness values were determined using a load of 2 .5  kilograms 
and an objective lens of 17 mm focal length. Indentations were made evenly 
across the surface of each specimen parallel to the direction of rolling. Eight 
im pressions were made on every specimen, and the mean value and the standard 
deviation from it were calculated.
The "rate of change" technique devised by Mould and Cotterill (124) for the 
assessm ent of hardness data has been outlined in section 1 . 4 . 1 . 2 . ,  and has 
been used in the present investigation. The temperature (or time) at which 
the rate of change of hardness is  a maximum was taken as the temperature 
(or time) corresponding to 50% recrystallisation. The temperature (or time) 
at which the rate of change decreases to zero after recrystallisation gave the 
temperature (or time) of the completion of recrystallisation. Figure 47 
illustrates the use of this technique for super-pure aluminium and an 
Al - 0.02 % Zr solid-solution alloy.
2 . 4 . 3 . 2 .  Metallography
The progress of recrystallisation was followed metallographically using a 
point-counting procedure. This entailed counting the proportion of 100 inter­
section points occupied by recrystallised grains. The intersection points 
formed a total of 8 cms x 11 cms on the screen of a Z eiss Ultraphot II 
photomicroscope. A constant magnification of xl04 was used, and several 
areas were selected to furnish a final average value. Any specimen which 
had an average of 50 intersection points occupied by new grains was considered  
to be 50% recrysta llised .
The first isochrona-lly annealed specimen to reveal the presence of 
new grains was taken as the temperature at which recrystallisation began.
The specimen heated to the lowest temperature (or for the shortest time) 
to produce a completely recrystallised structure was considered to be the 
temperature (or time) at which recrystallisation ended.
Metallography, therefore, served to check the recrystallisation temperatures 
and tim es determined from the hardness data. The point-counting method 
used in the present investigation was tedious, and was im possible to use on 
specimens which had recrystallised by more than 60%. At lower recrystallised  
fractions, the good grain contrast obtained by electro-polishing and electrolytic  
etching permitted accurate assessm ents of the amount of recrystallisation to 
be made.
t
Estim ates of the apparent nucleation rate, Isf', and the apparent growth 
rate, d' , were made by using the following formulae (122):
N* = number of grains per cubic m ilim etre 
time for 100% recrystallisation
3
therefore N* = 3 /m m  /s e c  . . . . ( 3 5 )
„ ~4 n r  x tc
and G’ = average radius of recrystallised grains 
time for complete recrystallisation
therefore G* = r m m /sec . . . ( 3 6 )
 tc ____________
By assuming that each recrystallised grain is  a sphere, the true radius r
can be calculated from the measured grain-size values, which are equal to
4 r .
3
The value N* assum es that each recrystallised grain has resulted from one 
nucleus, so that the final number of grains is  related to the number of nuclei.
A lso, the value G' depends on the grain-size being related to the growth rate 
of the nuclei.
As the values make no allowance for
(i) the impingement of neighbouring grains, and
(ii) the possibility of some grain growth before recrystallisation is  complete,
they must be taken as only approximate indications of the conventional nucleation
and growth ra tes. However, they are mot seriously in error for comparative 
purposes.
3 . RESULTS
3.1 . Alloy characteristics
3 . 1 . 1 .  Composition
The results of the chemical analysis are presented in Table 3 . For 
every alloy, the amount of iron was le ss  than 0.03 w t. %. The letters  
designated to the alloys were used for convenience during the investigation.
3 . 1 . 2 .  Phase identification
Figure 40 shows the Debye-Scherrer powder diffraction photographs for 
two alloys, A1 - 1.10 % Zr and At - 6.97 % Zr. The patterns are adequate 
for the identification of the phases present in the alloys, using the ASTM 
index cards for Al^Zr and A l. Unaccountable lines were attributed to the 
presence of alumina and/or zirconia in the sam ples.
3 . 1 .3 .  Dispersion data
Details of the various dispersion characteristics ( i . e .  volume fraction, 
number and size of particles, and various particle-spacings) are given in 
Table 4.
The metallographic appearance of the alloys is  shown in Figure 41. 
Corresponding stereoscan photomicrographs are presented in Figure 42.
3 .1 .4 .  Matrix grain- size
Figure 43 illustrates the effect of different amounts of deformation during 
the intermediate treatment (used to standardise the solid-solution content) 
on the resultant grain-size for all the a lloys. Photomicrographs of several 
of the alloys after this treatment are shown in Figure 44.
Table 5 indicates the amounts of deformation which were estimated as 
being required during the intermediate treatment in order to achieve an 
initial grain-size of 0.080 mm on the basis of the data presented in Figure 43. 
Also tabulated are the grain-sizes actually obtained.
3 .2. Deformation and annealing characteristics
3 . 2 . 1 .  Deformation
Figure 45 presents the structure of several of the two-phase alloys 
after the final amount of deformation. The effect of the final deformation 
on the hardness of some of the alloys is  shown in Figure 46.
3 .2 .2 .  Isochronal annealing
3 . 2 . 2 . 1 .  The effect of zirconium in solid -solution
Figure 47 presents the hardness results for super-pure aluminium and an 
A1 - 0.02 % Zr solid-solution alloy, which have sim ilar initial gra in -sizes, 
plotted against temperature. This diagram also illustrates the "rate of change" 
technique described in section 1 .4 .1 .2 .
The variation of hardness with annealing temperature after 30% and 60% 
deformation is  shown in Figure 48 for the A1 - 0.02 % Zr solid-solution alloy  
with different initial gra in -sizes .
Figure 49 illustrates the effect of initial grain-size on the recrystallisation  
temperatures after 30% and 60% deformation. (Tc = the finish of recrysta lli­
sation, T_i = 50% recrystallisation, = 50% softening, and T = the start of
2 2 s
recrystallisation).
The dependence of the as-recrysta llised  grain-size on the original grain-size  
is  shown in Figure 50.
3 . 2 . 2 . 2 .  The effect of the matrix grain-size in two-phase alloys
The variation of hardness with annealing temperature, and the effect of 
different initial gra in -sizes, are presented in Figure 51 for A1 -  1.10 % Zr,
A1 - 1.30 % Zr and 9.18 % Zr alloys, after 60% deformation.
The dependence of the recrystallisation temperatures on initial grain-size  
is  shown in Figure 52 for these a lloys.
Figure 53 illustrates the variation of as-recrysta llised  grain-size with 
original grain-size for A1 - 1.10 % Zr, A1 - 1.30 % Zr, A1 - 6.97 % Zr and 
A1 - 9.18 % Zr alloys after 60% deformation.
3 .2 .2 .3 . The effect of the amount of prior deformation in two-phase
alloys _________________________________  ____
The change in hardness with annealing temperature is  shown in Figure 54 
for all two-phase alloys after 10, 30 and 60% deformation. Table 6 collates 
the relevant data from Figure 54.
The dependence of the recrystallisation temperatures on inter-particle  
spacing is  illustrated in Figure 55 for each deformation.
Figure 56 shows the variation of the as-recrysta llised  grain-size with 
inter-particle spacing for each deformation.
The effect of the final amount of deformation on the 50% recrystallisation  
temperature and fully recrystallised grain-size is shown in Figures 57 and
58.
3 . 2 . 3 .  Isothermal annealing at 335°C
3 . 2 . 3 . 1 .  The effect of zirconium in solid-solution
The change in hardness with time of annealing after 30% and 60% deformation 
is  presented in Figure 59 for the A1 - 0.02 % Zr solid-solution alloy with 
different original gra in -sizes . Table 7 collates the data obtained from Figure
59.
The dependence of the recrystallisation tim es ( i . e .  t± , the tim e for 50%
2
recrystallisation, and t , the time for complete recrystallisation) on initial 
grain-size is  shown in Figure 60.
3 . 2 . 3 . 2 .  The effect of the matrix grain-size in two-phase alloys
The variation of hardness with time of annealing after 60% deformation is  
shown in Figure 61 for the A1 - 1.10 % Zr and A1 - 6.97 % Zr alloys with 
different initial gra in -sizes. The pertinent data is  presented in Table 7.
Figure 62 indicates the effect of initial grain-size on the recrystallisation
tim es, t i  and t , for these alloys.2 c
3 .2 .3 .3 . The effect of the amount of prior deformation in two-phase
__________ alloys________________  _____________________________
The change in hardness as a function of the time of annealing after 30% 
and 60% deformation is  shown in Figure 63 for all two-phase Al-Zr a lloys.
The data obtained from these curves is  given in Table 7.
Figure 64 illustrates the effect of inter-particle spacing on the tim es of
recrystallisation (tj^  and t ).
2 c
The progress of recrystallisation during annealing at 335°C after 30% and
60% deformation is  presented in Figure 65 for a ll two-phase a lloys. Figure
66 indicates the variation of the parameter ( 1 ), where x is  the fraction
1 - x
recrystallised , as a function of the annealing time at 335 C . The data in this 
diagram fall on a ser ies of straight lin es. This indicates that recrystallisation  
occurred in accordance with the Avrami equation (equation.:(13)) (82). Table 
8 gives values of k, (the constant in the Avrami equation), measured as the 
slope of the curves in Figure 66, for the various alloys.
The grain-size on completion of recrystallisation is  shown as a function of 
inter-particle spacing in Figure 67.
Figure 68 illustrates the variation of the apparent nucleation and growth 
rates with inter-particle spacing.
Photomicrographs of the progress of recrystallisation of several two-phase 
Al-Zr alloys are presented in Figures 69-72.
3 . 2 . 4 .  Isothermal annealing at 375°C
The change in hardness as a function of time of annealing after 30% and 
60% deformation is  presented in Figure 73 for several Al-Zr alloys with 
sim ilar initial gra in -sizes. Table 9 collates the data obtained from these 
curves.
Figure 74 shows the relationship between the tim es of recrystallisation and 
inter-particle spacing.
The progress of recrystallisation during annealing at 375°C after 60% 
deformation is  represented in Figure 75 for several Al-Zr a lloys. Figure 76
illustrates the progress according to the Avrami equation (82). Table 10 
gives the 'k* values obtained from Figure 76.
The grain-size on completion of recrystallisation is  plotted as a function 
of inter-particle spacing in Figure 77.
Figure 78 illustrates the effect of inter-particle spacing on the apparent 
nucleation and growth ra tes .
A series  of photomicrographs illustrates the progress of recrystallisation  
at 375°C after 30% and 60% deformation in Figures 79-84 for several Al-Zr  
a lloys.
3 .2 .5 .  The effect of annealing temperature and time on two-phase alloys
_________ having sim ilar initial grain -sizes _____________________ _____
Figure 85 compares the isothermal annealing behaviour of several Al-Zr  
alloys at 335°C and 375°C after 60% deformation.
The relationship between the reciprocal of the annealing temperature and 
the time for 50% recrystallisation is  shown in Figure 88 for several alloys
after 60% deformation. The data for each alloy falls on a ser ies of
approximately parallel straight lines, which are of the form:
i  = a log 11 + c 
1 2
where T = absolute temperature
t^ = time for 50% recrystallisation  
2
a = constant in the range 0 .5  to 0 .7
c = constant of the order of 0.0015
(a) Debye-Scherrer  pa t t ern  o f  Al-1.10°*Zr powder.
(b) Debye-Scherrer  pa t t e rn  of  A l - 6 . 9 7 i Z r  powder.
F i g . 40.  X-ray i d e n t i f i c a t i o n  o f  phase s .
A ll ov B L N H D A E G B P C
Vt< 7.r 0.02 0.34 0.40 0.54 1.10 1.30 2.36 2.51 3.43 6.97 9.18
Vt< Si 0.09 0.01 0.03 0.02 0.09 0.09 0.04 0.08 0.02 0.04 0.11
Table 3,  Chemical  a n a l y s i s  o f  a l l o y s .
ALinr < Zr \  
XI o '2
na
X lO^/cra2
nl
/cm
*
mi cron
O '
micror
s
micron
AS-HEASUUKD 
DIMTNSIONS /< -  
T V L
CAICUTATFD
DIMFNSIONS<*wtar
« I
Hy
X106/cc
A3
micron
A 2
micron
0 1.10 1.34 6.13 43.34 227.67 230.72 3.05 1 .3 7 10 14.3 1.5 43.35 15.77 20.19
A 1.30 1.62 6.63 48.41 203.24 206.59 3.35 - - - 14.4 1.7 45.40 15.53 19.42
E. 2.36 2.94 18.96 90.80 106.91 110.13 3.22 1 .4 8 12 9 .6 1 .6 198.61 9 .5 0 11.48
G 2.51 3.13 26.20 127.41 76.03 78.49 2 .46 1.1 9 10 9 .7 1 .2 269.40 8 .5 8 9 .7 5
B 3.43 4.32 34.38 196.67 48.62 50.85 2.23 0 .9 8 11 11.4 1.1 300.47 8.27 8 .5 3
F 0,97 9.02 47.71 267.92 33.96 37.33 3.37 1.4 9 17 11.2 1 .7 424.81 7.37 7.24
C 9.18 12.06 12.80 158.60 55.45 63.05 7 .6 3 .7 19 22 24 .8 3 .8 51.65 14.87 13.97
H 0.50 O.67 176.88 211.47 46.89 47.28 0 .3 9 + rode & sphere 2.39 0 .2 7398 2 .84 3 .76
t 0.34 0.39 207.35 175.15 57.54 57.77 0 .2 3 1 .3 0 .2 1 .9 1 .67 0.12 12426 2 .39 3 .47
N 0.40 0.46 278.12 226.49 43.94 44.07 0 .1 3 - - - 0.61 0.07 31557 1.75 2.57
Table 4.  D i sp ers io n  parameters  o f  two-phase  A l -Zr  a l l o y s
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F i g . 4 1 ( a - i ) .  The rc icrostructure  of  the two-phase Al-Zr a l l o y s .
(a) A l - l . l O t Z r ;  X 1300.
(b) A l - 2 . 361Zr; X 2500.
( c )  A l - 3 . 4 3 i Z r ;  X 2200 .
(d)  A l - 6 . 9 7 i Z r ;  X 600.
(e)  A l - 9 . 1 8 IZ r ; X 700.
( f )  A l - 9 . 1 8 I Z r ; X 2700.
( e) A l - 0 . 4 ( n z r ;  X 600.
(h) A l - O . 3 4 i Z r ;  X 600 .
( i )  Al -O.50%Zr ;  X 1200.
( j ) Al -0 .34*Zr;  X 0000.
(k) A1-0.  40°&Z r ; X 0000.
(1)  A1 -  0 .  5 0 $ Z r ; X oOOO.
F i g . 4 2 ( a - 1 ) .  The appearance o f  the s econd-phase  p a r t i c l e s  in 
the var ious  Al-Zr a l l o y s .
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F i g .  4 3 ( a - d ) ,  E f f e c t  o f  i n t e r m e d i a t e  d e f o r m a t i o n  on g r a i n - s i z e  
a f t e r  a n n e a l i n g  a t  450°C f o r  48 h o u r s .  (SP A1 and 
A l - 0 , 0 2 $ Z r  f o r  2 h o u r s . )
( a )  A l - l . l O U r ;  X 104.
(b) A l - l . l O U r
( c )  A l - 2 . 3 6 U r ;  X 104.
(d)  A l - 3 . 4 3 U r ;  X 104.
( f )  A l - 9 . 1 8 U r ;  X 104.
(.e) Al -O. 34°&Zr; X 104.
(h) Al -O.40iZ r ; X 104.
( i )  Al-O.50$Zr; X 104.
F i g . 4 4 ( a - i )  . Photomicrographs of  the i n i t i a l  g r a i n - s i z e s  of  
s e v e r a l  Al-Zr a l l o y s .
(a) Al -2 .36$Zr;  30$ deformation;
(b) Al -2 .36$Zr;  60$ deformation;
(c)  Al -6 .97$Zr;  30$ deformation
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X 104.
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(d) Al -6 ,97$Zr;  60$ deformat ion;  X 104.
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(e)  Al -0 .34$Zr;  60$ deformation;  X 104.
( f )  Al -0 ,40$Zr;  60$ deformation;  X 104,
F i r . 4 5 ( a - f ) .  The cold-worked s t r u c t u r e s  of  s e v e r a l  a l l o y s .
□  fi.971 Zr, 0.072 nan in i t i a l  u rn in -s iie  
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F i g . 4 6 ( a - b ) .  E f f e c t  o f  a l l o y  c o n t e n t  and i n i t i a l  g r a i n - s i z e  
on work-hardening be hav io ur .
AI-LOY 
$ Z r
$ DEFORMATION PREDICTED
GRAIN-SIZEmm
GRAIN-SIZE
ACHIEVEDmm
1 .3 0 48 0 .0 8 0 0 .071
1 .1 0 35 0 .0 8 0 0 .0 7 0
1 .1 0 13 0 .2 0 0 .2 2 5
2 .3 6 23 0 .0 8 0 0 .0 7 0
2 .3 1 15 0 .0 8 0 0 .0 7 3 '
3 .^ 3 14 0 .0 8 0 0 .0 6 9
6 .9 7 14 0 .0 8 0 0 .0 7 2
6 .9 7 10 0 .1 2 0 0 .1 0 0
9 .1 8 12 0 .0 8 0 0 .0 7 4
0 .3 4 30 0 .0 8 0 . 0 .1 3 3
0 .4 0 . 20 0 .0 8 0 0 .0 5 1
0 .5 0 45 0 .0 8 0 0 .0 3 8
Table 5 e The amount of  deformat ion requ ired  to  produce an
i n i t i a l  g r a i n - s i z e  o f  0.08mm a f t e r  a 48 hour annea 
at  450 C.
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F i g . 47.  I l l u s t r a t i o n  o f  t h e Mrate  of  changeut e c h n i q u e  used  t  
determine T, and T~ f o r  SP A1 and A l - 0 . 0 2 I Z r  s o l i d -  
s o l u t i o n  2a l l o y  a f t e r  60% de fo rm at i on .
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(b) I n i t i a l  g r a i n - s i z e  o f  0,290mm,
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(c)  I n i t i a l  g r a i n - s i z e  o f  0.263mm.
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(d) I n i t i a l  g r a i n - s i z e  o f  0.163mm.
F i g « 4 8 ( a - d ) .  The e f f e c t  o f  de formation  and o r i g i n a l  g r a i n -  
s i z e  on the i s o c h r o n a l  ann ea l ing  be ha v io u r  of  
a s o l i d - s o l u t i o n  a l l o y ,  A l - 0 . 0 2 I Z r ,
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F i g . 4 9 ( a - b ) . The e f f e c t  o f  o r i g i n a l  g r a i n - s i z e  on the
i s o c h r o n a l  an n ea l i ng  behaviour  o f  Al-0.02°aZr  
a l l o y  a f t e r  (a) 301 and (b) 60% de f o r m a t i o n .
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F i g . 50.  The r e c r y s t a l l i s e d  g r a i n - s i z e  as a f u n c t i o n  o f  the  
i n i t i a l  g r a i n - s i z e  f o r  A l - 0 . 0 2 5oZr s o l i d - s o l u t i o n .
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F i g . 5 1 ( a - f ) .  The e f f e c t  o f  i n i t i a l  g r a i n - s i z e  on the
i s o c h r o n a l  a nn ea l ing  behav iour  o f  s e v e r a l  Al -Zr  
a l l o y s  a f t e r  60% de format ion .
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F i g . 5 2 ( a - c ) .  The e f f e c t  o f  o r i g i n a l  g r a i n - s i z e  on the
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.01
O 60‘S DFFORMATION
j  i i i i i L
,0 V  .06 .10
ORIGINAT, GRAIN-FI7F nun
(d)  A1-  9 . 1 8  $ Z r
mm
20
F i g . 5 3 ( a - d ) .  The e f f e c t  o f  i n i t i a l  g r a i n - s i z e  on t h e  f u l l y
r e c r y s t a l l i s e d  g r a i n - s i z e  f o r  v a r i o u s  t w o - p h a s e  
a l l o y s .
A u x rr INITIAL
GRAIN-SIZE
ea
% D iJtiaU TIK I Tl ' C 5 e ° C AS-£ftinrSTALMEDGRAD1-SIZK
*5!
1.10 0.070 10 397 420 0.114
30 353 385 0 .0 6 7
60 332 368 0.035
1.30 0.071 60 329 366 0 .0 3 6
2 .3 6 0.070 10 383 404 0 .1 0 9
30 350 370 0.0 6 0
60 331 355 0.0 3 0
2.51 0.0 7 3 10 434 460 0 .1 0 6
30 348 366 0 .0 4 6
60 330 350 0 .0 2 8
3 .4 3 0.069 60 330 350 0.0 2 5
6 .9 7 0.072 10 372 390 0.0 8 9
30 331 360 0 .0 3 5
60 317 332 0.019
0 .1 8 0.074 60 325 355 0.021
0 .3 4 0.133 30 384 400 0 .1 1 5
60 338 370 0 .0 5 8
0 .4 0 0.051 30 ‘ - > 5 0 0 -
60 368 408 0.0 7 0
! 0 .5 0 0.038 30 349 360 0.0 3 6
60 330 350 0.025
T a b l e . 6 , I s o c h r o n a l  a n n e a l i n g  d a t a .
D 6<X DEFORMATION 
O  3 0 ?  DEFORMATION
TFH
1 0 ?  DEFORHATION
35
15
3000 100
( a )  A l - l . I C H Z r ;  i n i t i a l  g r a i n - s i z e  o f  0 .070mm.
O  30% DEFORMATION 
B  1 0 ^  DEFORMATION
35
23
15
0 100 500
(b) A l - l . l O I Z r ;  I n i t i a l  g r a i n - s i z e  o£ 0.225mm.
*5
VPN
15
1000
(c)  A l -2 .36$Zr;  i n i t i a l  g r a i n - s i z e  o f  0.070mm.
*5
VPN
35
25
o loo 300 tim p k ra tu re  °c 1100
(d) A l - 2 . 5 1 i Z r ;  i n i t i a l  g r a i n - s i z e  o f  0.073mm.
TFHPERATURE C
(e)  Al-3.43%Zr; i n i t i a l  g r a i n - s i ^ e  o f  0,069mm;
601 de format ion .
O  30* DEFORMATION
VFN
25
TfMPERATURE C
( f )  Al-6.97%Zr; i n i t i a l  g r a i n - s i z e  o f  0.072mm.
VTN
35
25
15
TFMratmntE c
(g) Al-9.18%Zr; i n i t i a l  g r a i n - s i z e  o f  0.074mm;
60% de format ion .
35
25
15
0 100 500
(h) A l - 0 . 3 4 i Z r ;  i n i t i a l  g r a i n - s i z e  o f  0.133mm,
35
25
15 5001000
( i )  A l -0 .40$Zr;  i n i t i a l  g r a i n - s i z e  o f  0,051mm,
-©■
35
1'
100 5 0 0  TIMPERATUnE °C  W °
( j )  A l - 0 , 5 4 I Z r ;  i n i t i a l  g r a i n - s i z e  o f  0.038mm,
F i g . 5 4 ( a - j ) ,  The e f f e c t  o f  de format ion on the i s o c h r o n a l  
annea l i ng  behaviour  o f  v ar iou s  A l -Zr  a l l o y s .
TI-MIMIWTUI1 -— --—Ta —
^ ^ a r r
'X X "
0 *> 10 15
SPACING .ms
T W 1T W T U R F
(a)  a f t e r  10% deformat ion
. \o\
1 10 20
SPACING m i c r o n s
(b) a f t e r  301 deformat ion
--O  ^ 3
r - T f H
M  DKF0HHATI0N
1 10 20
SPACING microns
C-c) a f t e r  60% de format ion  
F i g . 5 5 ( a - c ) .  R e c r y s t a l l i s a t i o n  t emperatures  as a f u n c t i o n  o f  
i n t e r - p a r t i c l e  spa c in g  f o r  2-phase  A l -Zr  a l l o y s .
• i n
•01
i 10 20
F i g . 56.  The f u l l y  r e c r y s t a l l i s e d  g r a i n - s i z e  as a f u n c t i o n  o f  
i n t e r - p a r t i c l e  sp ac ing  a f t e r  10 ,30  § 60% de fo rmat io n .
. 420 ®  1 .1 0  $ Z r
O  2 .3 6
TEMPERATURE
F o r
50$ RECRYSTALLISATION 
380
340
300
600 4020 80
FINAL AMOUNT OF DEFORMATION $
• F i g . 57.  The 50% r e c r y s t a l l i s a t i o n  temperature  as a f u n c t i o n  o f  
the f i n a l  amount o f  de format ion .
0 .1 2 -  \  ©  1 .1 0 $  Z r
m  O  2 .3 6
D  6 .9 7
•RECRYSTALLISED
\  w
GRAIN-SIZE mm
\  X \
0 .0 8
V ^ 2 k -------------------------
0 .0 4
___1__! 1 .... 1 ..............................1............ 1... ....... .
0 20 40 60 80
. FINAL AMOUNT OF DEFORMATION $
. F i g . 58.  The f u l l y  r e c r y s t a l l i s e d  g r a i n - s i z e  as a f u n c t i o n  o f  
the f i n a l  amount o f  de format ion .
100 TiMF mins
(a) i n i t i a l  g r a i n - s i z e  o f  0.565mm.
□  604 DEF0IMATI0N
O  304 DEFOHMATION
(bj  i n i t i a l  g r a i n - s i z e  o f  0.263mm.
D 604 DKFOIMATION
O  304 DKFOHHmON
(c)  i n i t i a l  g r a i n - s i z e  o f  0,163mm,
F i g , 5 9 ( a - c ) ,  The e f f e c t  o f  deformat ion and o r i g i n a l  g r a i n - s i z e  
on the i s o t he r m a l  an n ea l in g  behav iour  at  335°C o f  
the s o l i d - s o l u t i o n  a l l o y ,  A l - 0 . 0 2 ! Z r .
TIM1’
100
3 0 ^  DFFORMATION
1.00.1
OniGINAT. GRA I N - S I 7,F  nun
(a) a f t e r  50% de format ion
100
TIM*'
minn
60'S DFFORMATION
3
0.1 1.0
ORIGINAT G R A IN -SI7F nun
(b) a f t e r  601 de formation
F i g , 6 0 ( a - b ) .  The e f f e c t  o f  i n i t i a l  g r a i n - s i z e  and de format ion  
on the i s o th e r m a l  a nn ea l i ng  behav iour  o f  the  
s o l i d - s o l u t i o n  a l l o y ,  A l - 0 . 0 2 ! Z r .
( a )  A l - 0 . 0 2 S Z r
O  0.070 nil 
□  0.225 na
vra
35
25
15
1 10 100 1000
(b)  A l - 1 . 1 0 U r
O  0 .0 7 0
( c )  A l - 6 . 9 7 $ Z r
F i g . 6 1 ( a - c ) .  The e f f e c t  o f  i n i t i a l  g r a i n - s i z e  on t h e
i s o t h e r m a l  a n n e a l i n g  b e h a v i o u r  a t  335°C o f  
t h r e e  a l l o y s  a f t e r  60$ d e f o r m a t i o n .
1000
100
30
.03 oa 0.2 0.3
ORIGINAL GRA IN-SIZE no
(a) A l - 1 . 10$ Zr ;  a f t e r  601 deformat ion
1000
TIKE
m in s
3 0 £  DEFORMATION
100
0 .0 4 0.1 0.2
ORIGINAL GRAIN-SIZE nsa
(b) A l -6 .97 $Z r;  a f t e r  301 deformat ion
200
100
.6 0 *  DEFORMATION
20
.O't .10 .20
ORIGINAI G RA1N-SI7.K mm
(c)  A l -6 .97$Zr;  a f t e r  601 deformat ion
F i g . 6 2 ( a - c ) . The e f f e c t  o f  i n i t i a l  g r a i n - s i z e  and de format ion  
on the i s o t h e r m a l  a n n ea l i ng  behav iour  at  335°C 
o f  two two-phase  a l l o y s .
K J  30> DEFOHHATIOH
35
25
OO
15
0.1 1 10 100 1000
(a) Al-1.10%Zr; i n i t i a l  g r a i n - s i z e  o f  0.070mm.
VPN
35
85
15
1000010001000.1 1 10
(b) A l - l . l O I Z r ;  i n i t i a l  g r a i n - s i z e  o f  0.225mm.
VM
35
25
1 10 100 1000 fixE 10000
( c )  A l - 2 f 3 6 ?oZr;  i n i t i a l  g r a i n - s i z e  o f  0 ,070mm,
vra
35
t r
o.i 10 1001 1 ooo
(d) Al-2.51°sZr;  i n i t i a l  g r a i n - s i z e  o f  0.073mm.
YPH
35
TO T
15
(e)  A l -3 .43$Zr;  i n i t i a l  g r a i n - s i z e  o f  0.069mm;
6 0 9o de fo rmat io n .
TPH
( f )  A l - 6 . 9 7 $ Z r ;  i n i t i a l  g r a i n - s i z e  o f  0 .072mm.
O y>< DEFOEfiATION
15
0.1 1 10010 1000
(g) A l -6 .97SZr;  i n i t i a l  g r a i n - s i z e  o f  O.JiOOmm.
45
35
23
15
(h) A l -9 .18$Zr;  i n i t i a l  g r a i n - s i z e  o f  0.074mm;
601 deformat ion .
p  60)! NTOBttTICH
O  30* DEFOBttTIOK
25
13
1000010001001 100.1
( i )  A l - 0 , 3 4 $ Z r ;  i n i t i a l  g r a i n - s i z e  o f  0 ,133mm.
O  y #  BETOEKATKW'
TW
1000010001001010.1
( j )  Al-0.40°$Zr; i n i t i a l  g r a i n - s i z e  o f  0.051mm.
VPW
oa i 10 10000100 1000 TIMF. s i n s
(k) Al-0.54°*Zr; i n i t i a l  g r a i n - s i z e  o f  0.038mm.
F i g , 6 3 ( a - k ) ,  The e f f e c t  o f  de formation gn the  i so t her ma  
ann ea l ing  behav iour  at  335 C o f  2 -phase  A1 
a l l o y s .
ALt-OT 
i ip
INITIAL
GSAOUSIZK
i DEFORMATION t |  “ ina t c . i n . AS-EFCKTSTAU.ISED GRA INCIZE
N /mm6/«ec c '  m i/ » c
0,02 0.565 30 iJO 380 0.221 2 .3  XIO*7 7 .3  XIO"6
60 9 55 0.094 2 .0  X10_1 2 .2  XIO*6
0.263 30 120 330 0.194 ■5.0 XIO*1 7 .6  XIO*6
60 6 20 0.096 ■5.7 XIO*1 6 .0  XIO*6
O .I63 5° 80 320 0.153 8 .2  XIO*1 6 .0  XIO*6
60 5.5 20 0.089 6 .6  XIO*1 3 .6  XIO*6
i a o 0.070 30 does n >t re c ry s t a l l l s e
60 43 600 0.036 3 .6  XIO*1 7 .3  XIO*7
0.225 30 does s o t  re c ry i tA ll is e
60 150 10000 0.045 1.0  XIO*2 6 .0  X10*S
2 .36 0.070 30 300 5000 0.062 7 .7  Xio*1 1.6 XIO*7
60 37 400 0.031 0 .2  XIO*1 1 .6  XIO*7
2 .5 i 0.073 30 does n >t re c rv s ^ s l l is e
60 44 500 0.028 S .6 XIO*1 7 .0  XIO*7
3.43 0.069 60 35 . 340 0.022 2 .6 8 .3  XIO*7
6 .97 0.072 30 165 650 0.045 2 .8  X10*‘ 8 .7  XIO*7
60 22 180 0.019 8.1 1.3  x io * 6
0.10 30 170 700 0.048 1.2  XIO*1 8 .6  XIO*7
60 24 210 0.021 6 .6 1 .3  XIO*6
9*18 0.07% 60 24 200 0.022 6 .0 1.6  XIO*6
0.3% 0.133 30 does n •t re c ry s jU l i s e
0.40 0.051 6° does n o t r e c r y s t s l l i s e
0 .30 0.038 30 does n o t rec rye . i n . .
60 26 n o 0.026 2 .2 1.6  *10*6
Table 7. Data from i s o t h e r m a l  a n n ea l i ng  a t  335°C.
10000
© — ©  A j - L j * 
0-0  ^3
1000
100
16128k0
SPACING m icrons
(a) a f t e r  301 deformat ion
■ias
60* KTOBiATICH
100
10
10 a |  20^3-^ ri
• (b) a f t e r  60! deformat ion
F i g . 6 4 ( a - b ) .  The e f f e c t  o f  i n t e r - p a r t i c l e  sp a c i n g  and
deformat ion on the i so t h e r m a l  a n n e a l i n g  behav iou  
a t ,335°C o f  two-phase  Al -Zr  a l l o y s .
i o n
■50* D’-TorowTloN
r i l i - C ’NT 
UiT.ltY'-TA! 1 I  f!,\TION
o.Vt
0 . 1,0
Do not. 
O.^li r e c r v s l  
1.10
20
i o  l o o  l o o o  l o o o n
TIME m in s .
(a) a f t e r  301 deformat ion
60?'DEFORMATION100
80
PER-CTNT 
UECKYSTAT M OTION 0 .02  4Zr 
1.10
9 .18
6 .97
0.">4
0 .34  Do n o t 
0 .40  r e c r y s t a l l i i
20
1 10 100 1000
TIME m ins.
(b) a f t e r  601 deformat ion
F i g , 6 5 ( a - b ) .  The pro gr es s  o f  r e c r y s t a l l i s a t i o n  during  
i so th e r m a l  an nea l i ng  at  335°C.
1.0  ^  0 .0 2  < 7 r
0.50
n .  i
100010 100
TIME mins
F i g . 66.  The pr ogr es s  o f  r e c r y s t a l l i s a t i o n  at  335°C a f t e r  
601 deformat ion accord ing  to  the Avrami e q u a t i o n .
AS-
© o
.01
20101
A3-L 3
F i g . 67.  The0f u l l y  r e c r y s t a l l i s e d  g r a i n - s i z e  on a n n e a l i n g  at  
335 C a f t e r  60$ de format ion  as a f u n c t i o n  o f  i n t e r ­
p a r t i c l e  sp a c i n g .
AT.LOY 
* Zr
k
0.02 1.4
1.10 0.7
2.36 0.5
3.43 0.5
6.97 0.4
9.18 0.5
0.50 0.5
Table 8* k v a l u e s  f o r  i s o t he r m al  annea l ing  at  335 C a f t e r  
60% deformat ion f o r  a l l o y s  with approx imate ly  
s i m i l a r  i n i t i a l  g r a i n - s i z e s .
2
IOf
0
• 10
16
/CS3  y t lm s
f i g , 68.  Apparent n u c l e a t i o n  and growth r a t e s  a t  335°C as a 
f u n c t i o n  of  i n t e r - p a r t i c l e  spacing*  a f t e r  60% 
de format ion .
(a) 100 minutes;  X 104.
(b) 250 minutes;  X 104.
(c)  600 minutes;  X 104.
F i g . 6 9 ( a - c ) . The progress  of  r e c r y s t a l l i s a t i o n  during  
i so thermal  annea l ing  at 335°C a f t e r  30% 
deformation f o r  an Al-2.36%Zr a l l o y .
(a) 30 minutes;  X 104.
(b) 4400 minutes;  X 104.
(c) 10000 minutes;  X 104.
F i g . 7 0 ( a - c ) .  The progress  o f  r e c r y s t a l l i s a t i o n  during  
i so thermal  annea l ing  at 335°C a f t e r  60°& 
deformation fo r  an Al-l ,10°bZr a l l o y  with an 
i n i t i a l  g r a i n - s i z e  of  0.225mm.
( a )  2 m i n u t e s ;  X 208.
(b) 50 minutes;  X 208.
(c)  70 minutes;  X 208.
( a - c ) .  The progress  o f  r e c r y s t a l l i g a t i o n  during  
i so thermal  annea l ing  at  335 C a f t e r  60t  
deformation f o r  an A l -6 .97$Zr  a l l o y  with  
i n i t i a l  g r a i n - s i z e  of  0.070mm.
(a) 2 minutes;  X 104,
m
#
(b) 15 minutes;  X 104.
%
(c)  30 minutes;  X 104,
, 7 2 ( a - c ) • The progres s  o f  r e c r y s t a l l i s a t i o n  durin  
i so thermal  annea l ing  at  335 C a f t e r  60* 
deformation f o r  an A l -0 .50*Zr  a l l o y .
VPN
3 0
20
10
0 .1 1 JO 100
(a) Al-0.02%Zr; i n i t i a l  g r a i n - s i z e  o f  0,163mm;
60% de format ion .
4 5
VW
3 5
2 5
O . i  1 10  1 0 0  TIME m in s  100,5
(b) A l - l . l O I Z r ;  i n i t i a l  g r a i n - s i z e  o f  0.070mm.
45
VPN
3 5
25
D 6°?  DEFORMATION
O 3 0 *  DTTORMATION
J__________;_________________ l--------------------------------------------U
□  6 0 ?  DEFORMATION
O  3 0 ?  DEFORMATION
( c )  A l - 6 , 9 7 % Z r ;  i n i t i a l  g r a i n - s i z e  o f  0 .072mm.
_L
0 , 1  1 10 ! 0 °  TIM T ' m i n s  : 0 0 °
(d) A l -0 .34$Zr;  i n i t i a l  g r a i n - s i z e  o f  0.133mm;
601 deformat ion .
n, 1000 1000010 1001
(e)  Al-0.40%Zr; i n i t i a l  g r a i n - s i z e  o f  0.051mm.
60% deformat ion .
t   — 1
VPN -
0 . 1  i  10  1 0 0  TIKI* r . i n s  .0 0 0
( f )  Al-0.54%Zr; i n i t i a l  g r a i n - s i z e  o f  0.038mm;
601 de format ion .
F i g , 7 3 ( a - f )  The i so the rm al  an n ea l in g  behav iour  a t  375°C o f  
v a r io u s  Al-Zr a l l o y s .
80
TIMK
mins
t
I I
3 0 *  DrFORMATION
H .
_t------- 1----- 1_
SPACING m i c r o n s
’(a)  a f t e r  301 de format ion .
|f»
T IM i
o .
I
(b) a f t e r  60$ de format ion .
. 7 4 ( a - b ) «  The e f f e c t  o f  i n t e r - p a r t i c l e  sp a c i n g  and
deformat ion on the t imes  of  r e c r y s t a l l i s a t i o n  
a t  375°C.
mt-Cl'NT 
it:.cinr-T,v MCATinN
Fig* 75,
in
F i g . 7 6 , '
inn
80
6o
20
n
o.i l 10
The pr og res s  o f  r e c r y s t a l l i s a t i o n  at  375°C a f t e r  
601 deformat ion .
4 ----^ 0.02
O— O 1-10
□  '□  6.07
0 .1 1 10 100
TIKI m in t
The pro gr es s  o f  r e c r y s t a l l i s a t i o n  during  i s o t h e r m a l  
ann ea l ing  at  375°C a f t e r  60% de format ion ac co rd in g  
t o  the Avrami e q u a t i o n .
A1.IOT 
< Zr
INITIAL 
ORAIN-SIZEl a
i  DEFORMATION n in . t  n in .  c AS-RECKTSTALLIEDGPADjUSIZF.
N /ra i^ / .e c
*1 .
0  na/aec
0.02 0.163 60 0.75 1.4 0.083 11.9 7 .4  XIO- '
1.10 0.07 30 5 .2 50 0.055 1 .2 1.4 XIO-5
60 1.5 6 0.033 62.4 6 .9  XIO-5
6 .0  7 0.072 30 2 .8 14 0.044 7 .9 3 .9  XIO-5
60 0 .9 1 .6 0.020 7 .4  XIO2 1 .6  XIO- '
0 .34 0.133 60 3 .5 9 0.044 12.3 6 .1  XIO-5
0.40 0.051 60 d o e . n o t r e e r jr . t s l l i . e
0 .50 0.030 60 0 .9 1.8 0.023 4 .5  XIO2 1 .6  XIO- '
Table 9.  Data from i s o th e r m al  a n n ea l i ng  at
ALLOY 
% 7,1'
k
0 .02 2.7
1.10 1.1
6.97 2 .1
0.3*t 1.7
0 .50 2 .1
Table 10. k v a l u e s  f o r  i s o t h e r m a l  ann ea l ing  
601 de format ion .
.10
.01
20101
A3 - L 3
F i g , 7 7 .  Theo f u l l y  r e c r y s t a l l i s e d  g r a i n - s i z e  on a n n e a l i n g  a t  
375 C a f t e r  6 0 i d e f o r m a t i o n  as  a f u n c t i o n  o f  i n t e r ­
p a r t i c l e  s p a c i n g .
k
0
-k
•»°"ioc
•8
l, 8  12 16
A 3 ft  ms
F i g . 7 8 ,  A p p a re n t  n u c l e a t i o n  and grow th  r a t e s  on a n n e a l i n g  a t  
375 C a f t e r  60% d e f o r m a t i o n  as  a f u n c t i o n  o f  i n t e r ­
p a r t i c l e  s p a c i n g .
(a) 1 minute
(b) 5 minutes
F i e . 7 9 ( a - b ) .  The progr es s  o f  r e c r y s t a l l i s a t i o n  during  
i so t he rma l  annea l ing  at 375°C a f t e r  30% 
deformat ion f o r  an Al-1.10%Zr a l l o y  with an 
i n i t i a l  g r a i n - s i z e  o f  0.070mm.
fa)  1 minute;  X 104,
(b) 5 minutes ;  X 104.
(c)  10 minutes;  X 104,
F i g . 8 0 ( a - c ) .  The progres s  of  r e c r v s t a l l i s a t i o n  during  
i so thermal  annea l ing  at  375 C a f t e r  30% 
deformat ion f o r  an Al-6.97°&Zr a l l o y  wi th an 
i n i t i a l  g r a i n - s i z e  o f  0.072mm.
( a )  i m i n u t e ; X 104.
(b) 1 minute;  X 104.
(c)  2\  minutes;  X 104,
F i g . 8 1 ( a - c ) .  The pro gres s  o f  r e c r y s t a l l i s a t i o n  during  
i so thermal  annea l ing  at  375 C a f t e r  60$ 
deformat ion f o r  an A l - 1 . 1 0 i Z r  a l l o y  wi th an 
i n i t i a l  g r a i n - s i z e  o f  0.070mm.
(a)  1 minute;  X 208.
(b) 1 minute;  X 208.
F i g . 8 2 ( a - b ) ,  The prog res s  o f  r e c r y s t a l l i g a t i o n  during  
i so t he rma l  annea l ing  at  375 C a f t e r  60$ 
deformat ion f o r  an A l -6 .97$Zr  a l l o y  wi th an 
i n i t i a l  g r a i n - s i z e  o f  0.072min.
( a )  i m i n u t e ;  X 104.
(b) l l  minutes;  X 104.
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i so ther mal  ann ea l ing  at 375°C a f t e r  60$ 
deformat ion f o r  an A l -0 .50$Zr  a l l o y .
4 :
F i g . 84.  Micros tructure  o f  an A l -0 .40$Zr  a l l o y  a f t e r
i so thermal  annea l ing  at  375°C for  1000 minutes  a f t e r  
60$ deformat ion .
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F i g , 86.  R e l a t i o n s h i p  between the r e c i p r o c a l  o f  the a b s o l u t e  
temperature  and the t ime f o r  50% r e c r y s t a l l i s a t i o n  
f o r  s e v e r a l  Al-Zr a l l o y s .
P a r t i c l e  d i s t r i b u t i o n ran d o m u n i f o r m ran d o m u n i fo r m
F r X
e q u a t i o n  28
^ S h a v  
e q u a t i o n  38
A 3
e q u a t i o n  32
h S h av  
e q u a t i o n  39
0 .0 0 0 1 0 .1 1 3 3 3 1 79 5 1 . 9 4 . 3
1 . 0  * 1 3 332 17951 1 9 .2 4 3 .1
2 . 0 2 6 6 6 4 3 5 9 0 8 3 8 .5 8 6 .2
0 .0 0 1 0 .1 1 33 2 0 0 0 . 9 2 . 0
1 .0 1 332 198 6 8 . 9 2 0 .0
2 . 0 2 6 6 4 3 9 7 5 1 7 .9 4 0 .0
0 .0 1 0 .1 1 3 2 0 0 . 4 0 . 9
1 .0 132 197 4 .1 9 * 3
2 . 0 2 64 3 9 5 8 . 3 1 8 .6
0 .1 0 .1 1 2 0 . 2 0 . 4
1 .0 12 18 1 . 9 4 . 3
2 . 0 24 36 3 . 9 8 . 6
Table 11. Comparison of  the v a l u e s  o f  i n t e r - p a r t i c l e  s p a c i n g  
from d i f f e r e n t  formulae  f o r  a range o f  d i s p e r s i o n  
data ,  (For s p h e r i c a l  p a r t i c l e s ;  r a d i i  and s p a c i n g s  
in  m icr on s . )
4. DISCUSSION 
4 .1 .  Present results
4 . 1 . 1 .  Comparison of the formulae available for the evaluation of
________ inter-particle spacing in two-phase alloys.__________ _
It is clear from the published literature (see section 1 .4 .7 . )  that the rate 
of recrystallisation can be accelerated or retarded by the presence of second- 
phase particles, the governing factors being the size  and spacing of the 
particles. However, it has proved difficult to evaluate the results of previous 
investigations on account of the variety of formulae for inter-particle spacing 
that has been used and the failure to present sufficient relevant data. In 
other studies, quantitative results have been presented, but have been 
interpreted by means of formulae which are either not applicable to the 
dispersion m icrostructures reported or which are open to certain basic 
critic ism s.
A comprehensive survey of the various definitions and formulae which have 
been used to describe the inter-particle spacing has, therefore, been undertaken, 
in conjunction with a parallel investigation of the recrystallisation of iron- 
alumina dispersion alloys. (See appendix). This has shown that the differences 
between the formulae, which arise from the various definitions and assum ptions, 
lead to characteristically different values of the inter-particle spacing for any 
given m icrostructure. Table 11 indicates the variation in results from the 
various formulae for a range of hypothetical alloys containing spherical 
partic les.
In order to choose a suitable inter-particle spacing formula for the 
assessm ent of recrystallisation, the following points were considered relevant. 
Firstly , the formation of a nucleus is  a three-dim ensional process and the 
controlling factor in two-phase alloys is  probably the distance between any 
particle and its nearest neighbour in any direction. Such a distance determ ines 
the volume of the matrix in which a nucleus can form . Secondly, nucleation 
often involves the re-arrangem ent of a dislocation sub-structure, the w alls  
of which frequently pass through second-phase partic les. Thirdly, the 
formula must be selected on the basis of particle distributions that are
consistent with the observed m icrostructures. Random distributions are 
normally observed, and, hence, it is  necessary to avoid errors introduced 
by wrongful assumption of a uniform dispersion.
The supplementary survey, therefore, concluded that the interpretation 
of recrystallisation data should be based on inter-particle spacing values 
which are calculated as the centre-to-centre nearest neighbour distance in 
the volume i . e .  A^ as given by equation (32). In order to calculate , 
the number per unit volume and the shape of the second-phase particles need 
to be known.
In the present investigation, the particles have been approximated to the 
ideal shape of a square plate. This has been justified by the good agreement 
between the calculated and measured dim ensions. (See Table 4).
4 . 1 . 2 .  The annealing of solid-solution alloys
The main objective of the investigation was to study the effect of second-phase 
particles on recrystallisation behaviour. Hence, the study of solid-solution  
alloys was restricted to a comparison of the behaviour of an A1 - 0.02 % Zr 
alloy with that of super-pure aluminium. Figure 47 illustrates the effect of 
adding 0.02 w t. % Zr in solid-solution to super-purity aluminium. Both the 
temperatures for 50% recrystallisation and complete recrystallisation are 
raised . This is  consistent with more thorough work (107, 110, 114) which 
reported that increasing the solute content in solid-solution leads to a decrease  
in high-angle boundary mobility. (See section 1 .4 .6 . ) .
The effects of deformation and original grain-size on the annealing behaviour
of the A1 - 0.02 % Zr solid-solution are shown in Figures 48 and 49. An increase
in original grain-size ra ises Tc (the temperature at which recrystallisation is
completed) and Tj^  (50% recrystallisation temperature), with T increasing more 
2 c 
than Tjl after both 30 and 60% deformation. This effect is  greater the lower is
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the amount of prior deformation. Figure 50 indicates that the grain-size after 
primary recrystallisation decreases as the original grain-size decreases and 
the amount of prior deformation in creases.
These observations are consistent with all previous work. Increasing the 
amount of prior deformation causes an increase in the retained stored energy
of cold work. This induces a reduction in the recrystallisation tem peratures. 
The finer the initial grain-size, the greater the number of possible nucleation 
sites, and the finer is  the fully recrystallised gra in -size . The effect of 
original grain-size becomes le ss  pronounced as the final amount of deformation 
is  increased.
The effect of initial grain-size on the apparent nucleation and growth rates 
of the solid-solution alloy is  summarised in Table 7, which confirms that 
decreasing the grain-size causes an increase in the nucleation rate, but has 
le ss  effect on the apparent growth rate.
4 . 1 . 3 .  The isochronal annealing of two-phase alloys
In order to determine the true effect of particle concentration on 
recrystallisation, any other factor which may influence recrystallisation  
behaviour must be kept constant.
One factor which can affect the recrystallisation temperatures of two-phase 
alloys is the composition of the matrix solid-solution. This has been controlled 
by annealing at 450°C for 48 hours, followed by quenching in order to retain 
the Zr content at 450°C in solid-solution to room temperature.
The final amount of deformation is  a further factor which influences 
annealing behaviour. By ensuring that each alloy has the same amount of 
reduction in thickness (10, 30 or 60%), direct comparisons can be made.
The original grain-size ( i . e .  the grain-size immediately prior to the final 
deformation) is  another variable which can affect the process of recrystallisation . 
This effect was established for three two-phase Al-Zr alloys after 60% 
deformation. For further studies, the effect was eliminated by ensuring that 
each alloy had the same initial gra in -size.
4 . 1 . 3 . 1 .  The effect of matrix gra in -size .
The effect of varying the initial grain-size on recrystallisation has been 
determined for alloys containing 1.10% Zr, 1.30% Zr and 9.18 % Zr.
Different starting grain-sizes were achieved by varying the amount of deformation 
carried out during the solid-solution standardisation treatment. The effect 
of this treatment is  shown in Figure 43 (a-b).
Each alloy with a spread of initial grain-sizes was finally deformed 
by 60% and isochronally annealed for one hour. The recrystallisation  
temperatures and fully recrystallised grain-sizes were determined.
Figure 52 (a-c) indicates the dependence of the recrystallisation temperatures 
on initial gra in -size . The behaviour of an alloy containing 1.10 or 1.30 % Zr 
is  more sensitive to changes in original grain-size than the A1 - 9.18% Zr 
alloy. That is ,  increasing the number and size  of Al^Zr particles leads to 
a decreasing sensitivity of the recrystallisation temperatures to variations 
in the original gra in -size.
The temperature for the completion of recrystallisation is most affected 
and the temperature for the onset of recrystallisation the least affected 
by changes in the initial gra in -size. For the A1 - 1.10 and - 1.30 % Zr 
alloys, the temperature range required to complete the recrystallisation  
process is  increased as the original grain-size in creases. For the A1 - 9.18% 
Zr alloy, hardly any effect is  d iscernible.
Figure 53 (a, b, d) shows the relationship between original grain-size and 
the final, fully recrystallised gra in -size . The degree of grain-refinement 
is  greater for large initial gra in -sizes . For fine original gra in -sizes, it 
is  of the order of 2:1; and for large gra in -sizes, it is  6:1, and is  independent 
of the alloy composition. Grain refinement is  probably a function of the total 
amount of deformation given to the a lloys. The fully recrystallised grain- 
size  decreases for a constant initial grain-size as the number of second-phase 
particles in creases. This im plies the increased nucleation of recrystallised  
grains at partic les.
4 . 1 . 3 . 2 .  The effect of prior deformation
Figure 54 shows the effect of final deformation on the isochronal annealing 
behaviour of all two-phase alloys. Those alloys containing coarse particles  
(Lg >  2 microns) produced by the forging of a s-cast structures were given 
final deformations of 10, 30 and 60%. Alloys with fine particles (L „ <  1 micron)O
produced by precipitation from super-saturated solid-solutions had final 
reductions in thickness of 30 and 60%.
Figure 46 indicates that increasing the final amount of deformation causes
an increase in the hardness of all the a lloys. A Iso, the greater the number 
of particles, the harder the alloy becomes after deformation. Since there 
is  no noticeable difference between the rates of hardness increase for the 
various alloys, it can be concluded that there is  no significant variation of 
their work-hardening behaviour as the particle content in creases.
The effect of final deformation on the recrystallisation temperatures of 
two-phase Al-Zr alloys can be determined from Figure 55. For a ll alloys, 
increasing the amount of deformation causes a decrease in all the recrysta lli­
sation tem peratures. The recrystallisation temperature range decreases  
only slightly as the amount of deformation increases.
Figure 57 shows the effect of deformation on the temperature for 50% 
recrystallisation for three alloys containing coarse particles. Increasing 
the amount of deformation and/or increasing the number of particles causes 
a decrease in the 50% recrystallisation temperature. This temperature 
increases rapidly below a reduction in thickness of about 20%. The fully 
recrystallised grain-size is  shown as a function of the final amount of 
deformation in Figure 58 for the same three a lloys. Increasing the amount 
of deformation and/or increasing the number of particles produces a finer 
recrystallised gra in -size.
The effect of increasing the number of coarse particles can be interpreted 
in term s of the increased nucleation of recrystallised grains. (See section
4 . 1 . 4 . 3 . ) .  At deformation below about 20%, the fully recrystallised grain-size  
is  larger than the original grain-size, presumably because the critical amount 
of deformation is  being approached. N evertheless, increasing the number of 
coarse particles still causes a finer recrystallised grain-size to be produced.
The significance of the final amount of deformation on recrystallisation can 
be summarised as follow s. The larger the deformation, the lower are the 
recrystallisation temperatures, the narrower the recrystallisation temperature 
range and the finer the as-recrysta llised  gra in -size. These observations can be 
explained in term s of the increase in strain-energy stored in the alloys as the 
amount of deformation is  increased. Originally, it was intended to study thin 
film s of the cold-worked structures to enable an interpretation to be made in 
term s of the formation, size and growth of sub-grains. Unfortunately, owing
to the particle size in the alloys, successfu l thin film s could not be obtained. 
However, it has been pointed out that coarse particles aid the formation of 
sub-grains in the cold-worked structure (15). The greater the amount of 
deformation, the sm aller w ill be the size of a growing sub-grain when it 
acquires a high-angle boundary. Therefore, a lower temperature for a 
given time is  necessary for the growing sub-grain to become an active 
nucleus, and the resultant grain-size is  finer.
4 . 1 . 3 . 3 .  The effect of particle size  and concentration
In order to determine the effect of second-phase Al^Zr particles on the 
recrystallisation behaviour of super-pure aluminium, the other variables 
which can affect such behaviour first had to be elim inated.
The solid-solution content of the matrix was standardised as mentioned 
earlier (Section 2 . 2 . 4 . ) .  The effect of initial grain-size was eliminated 
by aiming at a constant value. This was accomplished by applying a pre­
determined amount of deformation prior to the standardisation of solid-solution  
treatment. Table 5 indicates the amount of deformation applied to each alloy  
to furnish a grain-size of about 0.08 mm . Good reproduction of grain -sizes  
was obtained for those alloys containing coarse particles. However, this 
was not the case for alloys with fine particles. This is  not considered too 
important as earlier investigations (Section 4 . 1 . 4 . 1 . )  indicate that any grain- 
size effect diminishes as the concentration of second-phase particles is  
increased to such an extent that, in the finer dispersion, there is  virtually  
no variation in recrystallisation behaviour with gra in -size .
After standardisation of both the solid-solution content and the initial grain-
s ize , each alloy was finally deformed by 10, 30 and 60% reductions in thickness
and isochronally annealed. Figure 54 shows the change in hardness with
annealing temperature for each deformation. Recrystallisation temperatures
have been plotted as a function of the inter-particle spacing, A^ (or A 3 “ Lg)
in Figure 55. This spacing is  a direct function of the particle concentration
by definition. Ag - Lg has been used on a few diagram (e .g .  Figures 55 and
56) in an attempt to m inim ise the effect of the different particle s iz e s . Ag
is  the centre-to-centre nearest neighbour distance, and it is  suggested that
A - Lq represents the effective mean edge-to-edge nearest neighbour spacing, o o
Figures 55 (a) and 64 (a) show that plots against Ag - Lg are always 
parallel to those against Ag. This appears not to be the case in all the 
other diagrams, m erely due to the use of a logarithmic sca le .
It is  convenient to describe the effects determined in two stages: those 
for alloys having widely spaced, coarse particles ( Ag >  7 microns;
Lg >  2 microns); and those for alloys containing fine, closely  spaced 
second-phase particles ( A g <  3 microns; Lg <  1 micron).
Figure 55 indicates that increasing the number of coarse particles causes
a decrease in the recrystallisation temperatures and the recrystallisation
temperature range. The temperature for the completion of recrystallisation
is  most affected, the temperature for the start of recrystallisation the lea st.
Figure 56 shows that, as the number of coarse particles is  increased, the
fully recrystallised grain-size is  reduced. Thus, the presence of coarse,
widely spaced particles enhances the recrystallisation process with the
production of a fine gra in -size . For every alloy, the temperature for 50%
softening, S^, is lower than the temperature for 50% recrystallisation, T^,
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indicating the extent of softening due to recovery.
The composition of the solid-solution in equilibrium at 450°C has been 
determined as 0.03 % Zr, by extrapolating the results of Fink and W illey (152).
The solid-solution alloy, Al- - 0.02 % Zr, has the composition nearest to this, 
and it has a 50% recrystallisation temperature of 310°C. This figure has been 
arrived at by extrapolating Figure 49 (b) to an initial grain-size of 0 .070 mm.
It is  at least 60°C higher than the equivalent temperature for super-pure 
aluminium.
In the case of the two-phase alloys, the recrystallisation temperature range 
is  greatest for the alloy with the widest spacing (A1 - 1.10 % Zr), and this 
alloy has a 50% recrystallisation temperature of 332°C. This alloy has the 
nearest two-phase composition to the theoretical lim it of solid-solubility  
(0.03 % Zr). Also, an A1 - 0 .5  % Zr solid-solution alloy has a reported 50% 
softening temperature of 440°C (141). It, therefore, seem s reasonable to 
suppose that increasing the solid-solution content from 0.02 to 0.03 % Zr 
would raise the 50% recrystallisation temperature from 310°C to the order of 
335°C. This would then be in accordance with the findings of Mould and 
Cotterill (124) for A l-Fe solid-solutions. They reported that the re crystallisation
temperature range is  greatest for the solid-solution content having the largest 
equilibrium solute content and for the dispersion alloy having the sm allest 
concentration of second-phase particles.
In order to determine whether the trend of decreasing recrystallisation  
temperatures would continue for greater numbers of second-phase particles, 
attempts were made to produce alloys with a zirconium content higher than 
7%. However, such alloys proved impossible to forge due to the brittleness 
of the ALZr network in the resultant a s-cast structures. Higher particleO
concentrations were, therefore, achieved by precipitation from super-saturated  
solid-solutions. Similarly shaped particles were obtained but they were much 
finer in size  (Lg < 1  pm).
Figure 55 (b, c) indicates that increasing the concentration of fine 
particles ( i . e .  decreasing Ag below 3 pm) causes an increase in the 
recrystallisation temperatures and the recrystallisation range. The temperature 
at which recrystallisation ends increases at a greater rate than the 50% r e -  
crystallisation temperature. There is a slight suggestion that the temperature 
at which recrystallisation begins may increase as the particle concentration 
in creases. Figure 56 indicates that increasing the number of fine particles 
induces an increase in the fully recrystallised grain-size until, eventually, 
it is  larger than the original gra in -size. Thus, the presence of fine, c losely  
spaced second-phase particles inhibits the recrystallisation process, with 
the production of a coarse gra in -size.
Therefore, the introduction of second-phase AlgZr particles can have 
opposing effects on the recrystallisation behaviour of super-pure aluminium.
For coarse, widely spaced particles, the recrystallisation process is  enhanced 
whereas for closely  spaced, fine particles, the opposite is  the ca se . Between 
the two situations, a minimum recrystallisation temperature range must exist 
at some intermediate inter-particle spacing (and particle size?). Such a 
critical inter-particle spacing has been suggested (124) and Doherty and Martin 
(122) have reported a change-over in the influence of fine dispersions of Cu Al^ 
on the recrystallisation behaviour of aluminium.
Figure 55 em phasises the importance of examining the whole recrystallisation  
temperature range to verify the effect of controlled variables on the 
recrystallisation process.
4 .1 .4 . Recrystallisation kinetics in two-phase alloys
4 . 1 . 4 . 1 .  The effect of grain-size
Figures 59 and 61 show the hardness-annealing time curves for the
solid-solution alloy, A1 - 0.02 % Zr, and the dispersion alloys, A ! - 1.10 % Zr
and A1 - 6.97 % Zr, after two final deformations. Figures 60 and 62 show
the relationship between the tim es of recrystallisation ( i .e .  the time for
completion of the process; and t i ,  the time for 50% recrystallisation),
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and the initial gra in -size . It can be seen that, as the original grain-size  
is  reduced, the recrystallisation tim es decrease. The time for completion 
of the process decreases at a greater rate than the time for 50% recrysta lli­
sation. These effects are more pronounced in the solid-solution alloy and 
the A1 - 1.10 % Zr alloy than in the A1 - 6.97 % Zr alloy with a higher 
concentration of p artic les. Such observations are consistent with the effect 
of original grain-size on isochronal annealing behaviour.
4 . 1 . 4 . 2 .  The effect of prior deformation
A comparison of Figures 54 to 58 and Table 6 with Figures 63 to 67 and 
Table 7 shows that the results of isothermal annealing are consistent with 
those determined during isochronal annealing (Section 3 . 2 . 2 . 3 . ) .  For all 
alloys, increasing the amount of final deformation greatly enhances the 
recrystallisation process i . e .  the tim es of recrystallisation are reduced 
and the as-recrysta llised  grain-size is  finer. However, for those alloys 
containing the fine, c losely  spaced particles, 30% reduction in thickness does 
not induce subsequent recrystallisation.
4 . 1 . 4 . 3 .  The effect of particle concentration
Figure 63 shows the change' in hardness with time of annealing at 335°C 
for several two-phase alloys with sim ilar initial g ra in -sizes . The results  
of metallographic determinations of the extent of recrystallisation with 
annealing time are presented in Figure 65. A ll the alloys which recrysta llise  
show typical "S"-shaped curves. The tim es for 50% recrystallisation and 
complete recrystallisation are plotted as functions of inter-particle spacing 
in Figure 64. Table 7 gives the exact values of t^ and t^, the variations in
which indicate a large difference in recrystallisation kinetics.
Increasing the concentration of coarse particles causes a reduction in 
the tim es of recrystallisation, the time for completion being more affected 
than the time for 50% re crystallisation. This is  in complete agreement 
with the findings for isochronal annealing (section 3 .2 .2 . ) ,  and provides 
direct evidence that alloys with a larger concentration of coarse particles 
produce higher recrystallisation ra tes. The shortening of the isochronal 
recrystallisation temperature range as the number of coarse particles increases  
is , therefore, an indication of an increasing recrystallisation rate. This 
clearly suggests that coarse particles enhance the recrystallisation p ro cess .
For alloys with fine particles, only the one with the least number of 
particles fully recrysta llises, and then only at the higher deformation (A1 - 0 .5  
% Zr). The addition of more particles completely suppresses recrystallisation  
after both 30% and 60% reductions in thickness. This is  also in complete 
agreement with the isochronal annealing behaviour of these a lloys. (Section 
3 . 2 .2 . ) .
In Figure 66, the progress of isothermal recrystallisation is  presented' 
according to the Avrami equation (82). (See equation (13) in section 1 . 4 . 4 . ) .  
Plots of In ( y  * ■ ) against t (where x = the fraction re crystallised; and 
t = the time of annealing) give a straight line with a gradient of K. Values of 
K, the constant in the Avrami equation, are listed in Table 8. For all 
two-phase alloys, K values are of the order of 0 .6 .  Cahn (6) has reported 
the measurement of K values in the range 1 to 2, the exact figure varying 
with the experimental conditions and alloy content. A low value of K im plies 
one or two dimensional recrystallisation. That is ,  new recrystallised grains , 
grow in the form of rods or p latelets. Extensive metallographic examinations 
of the specimens indicated that this was clearly not the case in the present 
investigation, but that the shape of the newly-formed recrystallised grains was 
always consistent with three-dim ensional behaviour. Ryum (141) reported 
a k value of about 1 for an A1 - 0 .5  % Zr alloy. A sim ilar value was obtained 
by Sundberg et a l. (143) in their investigation. Therefore, this kind of 
analysis of the kinetics of isothermal recrystallisation does not yield meaningful 
resu lts .
The effect of increasing the concentration of coarse particles on 
isothermal annealing behaviour is  illustrated in Figure 67 and is  to cause 
a reduction in the fully recrystallised gra in -size . This is further evidence 
that coarse particles enhance nucleation and cause an acceleration of the 
entire recrystallisation process. This has also been demonstrated by, 
among others, L eslie et a l. (108) for two-phase F e -0  alloys, Blade (123) 
and Mould and Cotterill (124) for two-phase A l-Fe alloys, and Doherty and 
Martin (122) for two-phase Al-Cu alloys. Metallographic evidence for the 
nucleation of grains at coarse particles is  provided in Figures 69, 71, 79,
80, 81. (The effect is  clearer for alloys deformed 30%). It can also be 
seen that the as-recrysta llised  structure becomes finer and more uniform  
as the number of coarse particles in creases.
The apparent nucleation and growth rates are shown as functions of 
inter-particle spacing in Figure 68. The nucleation rate varies to a greater  
extent than the growth rate, confirming the importance of nucleation at coarse  
particles for accelerated recrystallisation. The nucleation rate increases  
slowly at wide spacings but r ise s  at an increasing rate as the spacing is  
reduced. The diagram also indicates that the alloy containing very coarse  
particles (Al - 9.18 % Zr) has a much higher nucleation rate (closed square 
symbol) than an alloy having le ss  coarse particles sim ilarly placed (e .g .  
alloy A l - 1.10 % Zr, closed round symbol).
On the other hand, increasing the concentration of fine particles has 
suppressed the recrystallisation process com pletely. Doherty and Martin (122) 
have provided evidence that nucleation becomes difficult at very sm all spacings 
between fine particles.
It is , therefore, clear that the recrystallisation process is  enhanced both 
isotherm ally and isochronally by an increase in the concentration of coarse  
particles, the acceleration being associated with an increase in nucleation rate. 
As the number of fine particles increases, the process is  retarded. An 
annealing temperature of 335°C was not high enough to determine any apparent 
nucleation and growth rates for these alloys.
4 . 1 .4 .4 .  The effect of annealing temperature
Further isothermal annealing experiments were carried out at 375°C so
that a comparison of nucleation and growth rates could be made between alloys 
with coarse particles and those containing fine particles. Figure 73 shows 
the change in hardness as a function of annealing tim e. The progress of 
recrystallisation is  illustrated in Figure 75, and Figure 76 represents the 
extent of recrystallisation according to the Avrami equation (82) (equation (13)). 
The trends are the same as those outlined in section 4 . 1 . 4 . 3 .  for isotherm al 
annealing at 335°C apart from the fact that, at 375°C, only the alloy with the 
greatest number of fine particles (Al - 0.40 % Zr) does not recrysta llise .
The as-recrysta llised  grain-size is  shown as a function of inter-particle spacing 
in Figure 77. Alloys with coarse particles behave as described previously  
(section 4 . 1 . 4 . 3 . ) .  For alloys with fine particles, increasing the particle  
concentration results in an increase in the as-recrysta llised  grain-size until 
it is  eventually coarser than the original gra in -size . Figure 84 indicates the 
lack of recrystallisation at 375°C after 60% deformation in the Al -  0.40 % Zr 
alloy having a A^ value of 1.75 m icrons.
The effect of temperature on the isothermal annealing behaviour is  
illustrated in Figure 85. It is  obvious that an increase in temperature causes  
a reduction in the tim es for complete recrystallisation. There is  no significant 
difference in the fully recrystallised grain -sizes obtained after annealing at 
different tem peratures. Figure 86 sum m arises the relationship between the 
temperature of annealing and the time for 50% recrystallisation.
Apparent nucleation and growth rates have been calculated for the alloys 
at 375°C, and Figure 78 expresses them as a function of inter-particle  
spacing. It can again be seen that the nucleation rate shows the greater  
sensitivity to changes in the concentration of second-phase partic les. Decreasing  
the A g spacing between fine particles below 3 microns causes a decrease in 
both nucleation and growth rates. The nucleation rate is  reduced more 
drastically than the growth rate. Alloys containing coarse particles behave 
as outlined in section 4 . 1 . 4 . 3 .  This is  further evidence that it is  the nucleation 
of recrystallised grains (or lack of it) at particles which causes the recrysta lli­
sation process to be enhanced (or retarded).
Therefore, the recrystallisation process is  accelerated or retarded both 
isochronally and isotherm ally, depending upon the size and concentration of 
second-phase particles. For widely spaced, coarse particles ( A^ >  7 pm;
Lo >  2 pm), recrystallisation is  enhanced and fine resultant gra in -size  is
O
obtained. For fine, c losely  spaced particles ( ,A^ <  3 pm; L g <  1 Hm)> 
the process is  retarded with the production of a coarse gra in -size .
4.2 . The mechanism of recrystallisation in two-phase alloys
The experimental observations concerning the annealing behaviour of 
A l-Z r alloys containing second-phase Al^Zr particles clearly show that the 
progress of recrystallisation is  nucleation dependent. Therefore, the effect 
of second-phase particles on recrystallisation must be interpreted in term s 
of changes in the nucleation rate.
4 . 2 . 1 .  iThe Mould-Cotteri 11 hypothesis
Swann (15) has shown that the interactions between coarse particles and 
dislocations, which occur during the deformation of two-phase alloys, aid 
the development of a sub-grain structure. Fine particles ( <  1 micron diameter), 
however, inhibit the formation of a cell structure during deformation.
(Section 1 . 2 . 4 . 3 . ) .  The nucleation mechanism proposed by Hu (68) suggests 
that the neighbouring sub-grains which were formed during deformation 
coalesce to form recrystallisation nuclei with high-angle boundaries (Section
1 . 4 . 2 . 3 . ) .
Mould and Cotterill (124) have proposed a model for the recrystallisation  
of two-phase alloys on the basis of Hu's nucleation mechanism. They combined 
their own results for aluminium-iron alloys with Doherty and Martin's data (122) 
for aluminium-copper alloys to postulate the effect of changes in the inter­
particle spacing on the formation and growth of recrystallised grains from  
within a deformation sub-structure.
According to this hypothesis, for solid-solution alloys, nucleation occurs 
in the vicinity of the original grain-boundaries or in regions of high lattice  
curvature formed inside the grains during the deformation p rocess. The 
addition of a sm all number of particles provides more nucleation s ite s  with 
a resultant acceleration of the recrystallisation process. The particles  
cause local concentrations of the distortion produced during deformation, and 
it is , in fact, the interfaces of the particles with the surrounding matrix which 
act as sites for nucleation. Any increase in the particle concentration leads 
to further increases in the nucleation rate as long as there is  sufficient space 
between particles to permit the nucleation of new grains.
Eventually, an inter-particle spacing, A. , is  reached when recrystallisationA
nuclei can no longer be produced at each particle due to the impingement 
of embryos before they reach a viable s iz e . Hence, the nucleation rate is  
decreased. Further decreases in the inter-particle spacing produce further 
reductions in the nucleation rate until the nucleation of grains at particle/m atrix  
interfaces is  completely suppressed. This occurs at an inter-particle spacing, 
,A , of the order of the diameter of the deformation sub-grains when the 
sub-grain walls are pinned by particles. This prevents the coalescence of 
sub-grains into viable nuclei. Further drastic reductions in the nucleation 
rate occur as nucleation can now only take place at the original grain-boundaries 
by a mechanism of the type proposed by Beck and Sperry (77). (Section
I . 4 . 2 . 5 . ) .
The growth of recrystallised grains occurs by the movement of high-angle
boundaries through the surrounding m atrix. For alloys with inter-particle
spacing values greater than A , the boundaries of all the nuclei impinge on
each other before reaching other particles. There w ill, therefore, be no
significant change in the growth rate between A^ and A^. At spacings le ss
than A , mobile boundaries have to circumnavigate those particles that have 
A
not produced a viable nucleus before meeting other boundaries. The growth 
rate is ,  therefore, reduced. At spacings below. A t h e  growth rate is  reduced 
even further as nuclei only form at the original grain-boundaries, and any 
mobile boundary has to overcome the restraint imposed by a large number of 
particles before impingement with other boundaries.
By correlating the kinetics of recrystallisation and the inter-particle  
spacing (see Figure 34) for A l-F e and Al-Cu alloys, Mould and Cotterill (124) 
obtained the following values for the critical spacings:
A. = 4  microns and A„ = 1 .8 m icrons.A B
4 . 2 . 2 .  The present investigation
The values for the critical spacings obtained by Mould and Cotterill (124) 
are larger than expected on the basis of the minimum size  of a viable nucleus 
and the deformation ce ll size  for their a lloys. They were obtained by means 
of an analysis due to Shaw et a l. (167), who gave the volumetric mean free  
path as:
and the nearest neighbour distance in a volume as:
1
2 x. J__. 3
F
where R = the radius of a spherical domain containing a particle and 
its associated solid-solution  
r = the particle radius 
= the volume ratio
It has been pointed out (see appendix), however, that use of the equations 
derived by Shaw et a l. (167) yields dubious values for the various param eters. 
Therefore, the values for inter-particle spacing have been re-calculated  
from the data for A l-F e (124) and Al-Cu (122) alloys in term s of A^
(equation (32)), the centre-to-centre nearest neighbour distance in a volume 
for randomly dispersed partic les. They are presented in Tables 12 and 13.
Tables 12 and 13 also show the values for the apparent nucleation and 
growth rates for the two alloy system s which have been re-calculated to 
yield the same units. Figure 87, therefore, presents the revised variation  
of the apparent nucleation and growth rates with A^. The new critical
spacing values obtained from Figure 87 are: A . (the spacing at which theA
forming embryos interfere with each other before reaching a viable size)
is  2 microns; and AD (of the order of the deformation sub-grain size) is
0 .8  m icrons. Neither of the investigations (122, 124) have reported the
dislocation sub-structures involved. However, the theoretical values of
A and An can be postulated by making use of the knowledge that the A B
sub-grain size in heavily deformed aluminium is  normally of the order of 
1 to 2 m icrons. Therefore, according to the Mould-Cotterill hypothesis,
A A w ill be of the order of twice the sub-grain diameter i . e .  A. = 2 to 4A A
m icrons. The nucleation of recrystallised grains at each particle w ill be 
completely prevented when the inter-particle spacing is  equal to or le s s  than 
the sub-grain diameter i . e  A = 1 to 2 m icrons. There is , therefore, 
good agreement between the predicted and experimentally determined values 
for the critical spacings.
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The fact that the two sets of curves in Figure 87 do not meet is  probably 
a function of the different effects that copper and iron in solid-solution  
have on the recrystallisation of aluminium.
The present experimental results and observations can be rationalised  
in term s of the Mould-Cotterill hypothesis.
Figure 46 indicates that there is  no significant change in work-hardening 
behaviour due to the presence of second-phase particles. There w ill, therefore, 
be no additional stored energy of cold-work due to the particles. However, 
there w ill probably be local differences in the degree of work-hardening between 
matrix regions adjacent to particles and particle-free areas. As the increased  
amount of distortion at particle/m atrix interfaces accounts for the increased  
nucleation, the influence of the final amount of deformation can be explained.
The larger the deformation, the sm aller w ill be the size  of a growing sub­
grain when it acquires a high-angle boundary. Therefore, a shorter time 
at a given temperature (or a lower temperature for a given time) is  necessary  
before an active nucleus is formed. Increasing the number of coarse particles 
aids the development of a sub-grain structure during deformation (15).
Therefore, an increase in the particle concentration, and/or the amount of 
prior deformation, can be expected to reduce the time or temperature for the 
completion of recrystallisation and to lead to a finer recrystallised g ra in -s ize . 
(See Tables 6, 7 and 9). At low deformations, (sim ilar to but greater than 
the critical amount of deformation), increasing the particle concentration s till 
produces an increasing nucleation rate with the result of finer recrystallised  
gra in -sizes .
For particle-retarded recrystallisation, only the higher amounts of 
deformation w ill encourage the formation of new grains as the presence of fine 
particles either prevents sub-grain formation or pins the sub-grain w alls 
(e .g . Figures 54 (i) and 63 (k)).
In particle-accelerated recrystallisation, the larger the particle s ize , the 
greater w ill be the particle/m atrix interface and, therefore, the amount of 
inhomogeneous deformation in these regions w ill be greater. The rate of 
nucleation of recrystallised grain w ill be higher, with a corresponding decrease  
in the recrystallisation range and the as-recrysta llised  grain-size (e .g .
Figures 67 and 68).
The effects of the matrix grain-size and particle concentration can be 
explained as follow s. Alloys with a very low concentration of second-phase 
particles w ill behave in a manner sim ilar to that of solid-solution alloys. 
Decreasing tihe original grain-size w ill cause reductions in the recrystallisation  
tim es and temperatures, the range of recrystallisation and the final recrystallised  
grain-size by increasing the number of available nucleation sites (Figures 49,
50, 52, 53, 62).
As the number of particles is  increased, the particle/m atrix interfaces 
predominate increasingly as nucleation s ite s . Thus, the recrystallisation  
process becomes le ss  sensitive to variations in the initial gra in -size . The 
rate of nucleation w ill increase as the particle concentration increases and 
the lower w ill be the temperature (isochronally) or the shorter the time 
(isothermally) for the completion of recrystallisation. As there is  a direct 
relationship between the number of viable nuclei and the number of recrystallised  
grains that are produced, particle-accelerated recrystallisation w ill lead to a 
fine, uniform final grain-size which decreases as the particle concentration 
in creases. (Figures 52, 53, 55, 56, 62, 64, 67, 68, 74 and 77).
At still higher particle concentrations, the inter-particle spacing w ill be 
sm all enough to initially hinder, and finally prevent the formation of 
recrystallisation nuclei. In such cases, decreasing the particle spacing w ill 
cause an increase in the recrystallisation range and produce a le ss  uniform, 
coarse final grain-size due to the slow growth of a sm all number of nuclei. 
(Figures 55, 64, 68, 74, 77 and 78).
In the present investigation, the following approximate values for the 
critical inter-particle spacings have been obtained from Figure 78:
= 3 microns and = 1 .8 m icrons. This is  in good agreement with the 
values predicted by the Mould-Cotterill hypothesis. In particle-accelerated  
recrystallisation, a fine recrystallised grain-size, which becomes finer as the 
concentration of coarse particles is  increased, has been obtained. When 
recrystallisation is  retarded by the presence of fine particles, a coarse grain- 
size , which becomes larger as the number of particles is  increased, has been 
obtained. (Figures 67 and 77).
Sundberg et a l. (143) have also reported high recrystallisation temperatures
and a coarse final grain-size io r  those alloys containing sm all, stable 
particles. The A values for these alloys have been calculated and lieO
between 0.07 and 0.09 m icrons. This is  also compatible with the Mould - 
Cotterill hypothesis.
Figure 88 is  a plot of some of Doherty and Martin's data (122) which shows 
that their fully recrystallised grain -sizes fall into two distinct categories, 
connected with either accelerated or retarded recrystallisation.
Figures 68 and 78 indicate that the nucleation rate is  affected to a greater 
extent than the growth rate by variations in the inter-particle spacing. This 
is  consistent with the findings for other two-phase aluminium-based alloys 
(122, 124). However, in the copper-silica system , it has been reported that 
nucleation and growth rates are affected by comparable amounts (123). This 
has been attributed to the high interfacial energy between the silica  particles 
and the matrix (123).
Therefore, the present investigation confirms that the same second-phase 
can cause either acceleration or retardation of primary recrystallisation and 
that the important parameters are particle size  and inter-particle spacing.
The work also satisfies the mechanism of recrystallisation outlined by Mould 
and Cotterill (124) and represented schem atically in Figure 34.
The effects of particle concentration on the annealing behaviour of cold- 
worked, two-phase aluminium alloys can, therefore, be represented as shown 
in Figure 89. The nucleation and growth rates are represented schem atically  
as functions of the inter-particle spacing. Figure 90 illustrates the effect 
that changes in particle concentration have on the fully recrystallised g ra in -s ize .
For solid-solutions or at wide spacings ( A ), there are few nucleation sitesu
and a coarse grain size  is  produced. As the number of particles increases  
towards A ^, the nucleation rate increases and finer gra in -sizes are obtained.
At A , impingement of the embryos occurs and this hinders nucleus formation.A
Decreasing the inter-particle spacing still further to A causes further reductions 
in both the nucleation and growth rates. Fewer and fewer nuclei are formed 
and the particles interfere with their subsequent growth. Under these 
circum stances, a coarse grain-size is  produced. At spacings below A0 , 
nucleation probably occurs only by a process of the type outlined by Beck and 
Sperry (77).
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4 .2 .3 . Summary
Recrystallisation is  enhanced by the present of coarse, widely spaced 
particles ( > 2  m icrons). At c loser spacings, the nucleation of new grains
is inhibited or completely prevented ( <  1 micron). In all ca ses , the
growth of new grains is impeded by the presence of particles.
The initiation of recrystallisation at second-phase particles in iron has 
been demonstrated by English and Backofen (118), Antonione et a l. (120) and 
L eslie et a l. (108). Antonione et a l. (120) found the effect to be greater for 
particles having larger dim ensions. Recrystallisation has been shown to 
begin at coarse particles in aluminium by Mould and Cotterill (124) and 
Doherty and Martin (122). Hence, particle-accelerated recrystallisation is  
generally controlled by an increase in the nucleation rate, in association with 
a relatively unchanged growth rate, as the particle content is  increased and 
the inter-particle spacing allows particle/m atrix interfaces to be viable 
nucleation s ite s .
Retarded recrystallisation has been reported for two-phase alloys for which 
A„ is  of the order of a micron or le s s  (126-144). In this case, the nucleationO
rate and the growth rate are both decreased as the particle concentration is  
increased, for spacings below which particle/m atrix interfaces cease to be 
viable nucleation s ite s .
In cases where a range of dispersions has been studied, the alloys with the 
sm allest spacings recrystallised with the greatest difficulty (112, 122, 139). 
For retarded alloys, a large as-recrysta llised  grain-size has been reported 
(122, 139, 143).
5. CONCLUSIONS
The recrystallisation behaviour of A l-Z r alloys has been shown to be a 
function of the alloy content, the size  and concentration of Al^Zr particles, 
the original grain-size before the final deformation, and the final amount of 
deformation.
The addition of 0.02 % Zr in solid-solution ra ises both the 50% recrysta lli­
sation temperature and the temperature for complete recrystallisation of 
super-purity aluminium. The grain-size of the solid-solution alloy decreases  
as the initial grain-size decreases and the amount of prior deformation increases.
For Zr additions above the maximum solid-solubility lim it, two opposing 
effects on the annealing behaviour of aluminium have been obtained. For 
coarse, widely spaced particles, the recrystallisation process is  accelerated  
both isochronally and isotherm ally, with the production of a fine, recrystallised  
grain -size. As the concentration of particles is  increased, the final grain-size  
d ecreases. For fine, c losely  spaced particles, the recrystallisation process  
is  retarded, with the formation of coarse final gra in -size.
An increase in the initial grain-size retards recrystallisation by decreasing  
the number of grain boundary nucleation s ite s . The grain-size effect becom es 
le ss  pronounced as the particle concentration increases, until, in high particle 
content alloys, there is  hardly any effect on recrystallisation.
The recrystallisation process is  accelerated by increases in the final amount 
of deformation with corresponding decreases in the recrystallised g ra in -s ize .
It has been shown that the nucleation rate influences the recrystallisation  
process to a greater extent than the growth process, as the nucleation rate is  
more sensitive to changes in the concentration of particles.
The experimental results and observations have been explained in term s of 
a mechanism based on the effect of second-phase particles on the formation and 
growth of recrystallised grains from a deformation sub-structure.
6 . RECOMMENDATIONS -FOR FURTHER WORK
A thorough investigation of the effects of particle, s ize  and shape on 
annealing behaviour would be informative. The present work has shown that 
particle size  influences the recrystallisation process but only particles of 
the same morphology have been used. Alloys with a range of particle s izes  
and shapes could be produced by powder metallurgy or internal oxidation 
techniques. The influence of size  and morphology on primary recrystallisation  
could then be studied.
It would be useful to define more closely  the critical concentration of 
particles when particles cease to enhance recrystallisation but hinder the 
process. This could be achieved by producing more A l-Zr super-saturated  
solid-solutions of varying Zr contents, and precipitating fine particles from  
them.
The use of the electron microscope would be very useful for examining 
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S y n o p s i s .
The paper o u t l i n e s  the v a r io u s  d e f i n i t i o n s  and formulae  which 
have been used to  e v a l u a t e  the i n t e r - p a r t i c l e  sp ac ing  in  d i s p e r s i o n  
a l l o y s ,  and d i s c u s s e s  the b a s i c  r e l a t i o n s h i p s  between them. Data i s  
p r e se n te d  f o r  a s e r i e s  o f  a l l o y  s t r u c t u r e s  c o n t a i n i n g  p a r t i c l e s  wi th  
r a d i i  in  the range 0 . 1  to  2 microns f o r  volume f r a c t i o n s  in  the  
rangeCO.OOOl to  0 . 1 0 . * T h i s  i n d i c a t e s  t h a t  s i g n i f i c a n t  d i f f e r e n c e s  
occur between the numeri ca l  v a l u e s  which r e s u l t  from the use  of  
the v a r io u s  formulae ,  e s p e c i a l l y  in  a l l o y s  having  low p a r t i c l e  
volume f r a c t i o n s .  The p o s s i b l e  i n t e r p r e t a t i v e  s i g n i f i c a n c e  o f  t h e s e  
d i f f e r e n c e s  i s  i l l u s t r a t e d  by means o f  a r e - a s s e s s m e n t  o f  the  
r e c r y s t a l l i s a t i o n  c h a r a c t e r i s t i c s  o f  d i s p e r s i o n  a l l o y s ,  and comments 
are made about the i n f l u e n c e  of  the sp ac i n g  e v a l u a t i o n  on the  
p r e s e n t a t i o n  o f  s t r e n g t h e n i n g  data .
1. I n t r o d u c t i o n .
I t  i s  w e l l  known t h a t  d i s p e r s e d  p a r t i c l e s  can have a c o n s i d e r a b l e  
i n f l u e n c e  on the p r o p e r t i e s  o f  m et a l s :  e . g .  s t r e n g t h s  are i n c r e a s e d ;  
r e c r y s t a l l i s a t i o n  can e i t h e r  be a c c e l e r a t e d  or re tard ed  compared 
with a s i n g l e - p h a s e  a l l o y  having  the  same compos i t i on  as the  
matrix  o f  the d i s p e r s i o n  a l l o y .  The magnitude of  t h e s e  e f f e c t s  
depends on the s i z e  and spa c in g  o f  the  d i s p e r s e d  p a r t i c l e s .  However,  
t he se  parameters  r a r e l y  have an a b s o l u t e  v a l u e ,  even in  a s i n g l e  
spec imen,  s i n c e  the p a r t i c l e s  are r a r e l y  uni form in  s i z e , s h a p e  or  
d i s t r i b u t i o n .  In a d d i t i o n ,  the i n t e r - p a r t i c l e  sp ac i n g  can be 
c a l c u l a t e d  on the  b a s i s ' o f  any one o f  s e v e r a l  d i f f e r e n t
d e f i n i t i o n s  a n d /o r  fo rm u lae  each  o f w hich le a d s  to  a d i f f e r e n t  n u m eric a l 
. v a lu e  in  a  g iv e n  a l l o v  a t - ru c tu r e ,
O c c a s io n a lly  e x p e r im e n ta l ly  d e te rm in e d  p ro p e r ty  v a lu e s  a re  
p r e s e n te d  s o le ly  in  te rm s o f  t h e i r  v a r i a t i o n  w ith  th e  volume f r a c t i o n  
o f  th e  d is p e r s e d  p h a s e , w h ich , tak en  i n .i s o l a t i o n ,  i s  a  s ta te m e n t o f 
th e  a l l o t s  o v e r a l l  co m p o sitio n  r a th e r  th a n  o f i t s  d i s p e r s io n  
c h a r a c t e r i s t i c s .  C o r r e la t io n s  o f t h i s  ty p e  sh o u ld  be i n t e r p r e t e d  w ith ' 
c a u t io n  s in c e  v a r i a t io n s  i n  th e  i n i t i a l  f a b r i c a t i o n  p ro c e d u re  m ay'have 
c r e a te d  s i g n i f i c a n t  v a r i a t io n s  in  th e  p r o p e r ty - c o n t r o l l in g  p a ra m e te rs  
( p a r t i c l e  sh a p e , s i z e  and d i s t r i b u t i o n ,  and m a tr ix  g r a in - s i z e  e t c . )  
w hich a r e  n o t r e v e a le d  by an u n q u a l i f ie d  s ta te m e n t o f  th e  t o t a l  volume 
. f r a c t io n  o ccu p ied  by th e  d is p e r s e d  p h a se .
The a u th o rs  a r e  in v e s t i g a t in g  th e  r e c r y s t a l l i s a t i o n  o f  i ro n -b a s e d  
and a lum in ium -based  d is p e r s io n  a l l o y s ,  and ha.ve e n c o u n te re d  d i f f i c u l t y  
in  a p p ra is in g  th e  l i t e r a t u r e  on th e  s u b je c t .  T h is  a r i s e s  p a r t l y  from  
th e  v a r i e ty  o f fo rm u lae  w hich have been  u se d  to  d e s c r ib e  and  e v a lu a te  
th e  i n t e r - p a r t i c l e  s p a c in g , in  d i f f e r e n t  i n v e s t i g a t i o n s ,  and p a r t l y  
from  th e  f a c t  t h a t  in  c e r t a i n  c a se s  v a lu e s  o f one o r o th e r  o f th e  
c o n t r o l l in g  p a ra m e te rs  a r e  o m it te d ,  and th e  r e p o r te d  d a ta  does n o t 
p e rm it t h e i r  c a l c u l a t i o n :  th u s ,  g e n e ra l  com parisons o f  b e h a v io u r  in
th e  v a r io u s  a l lo y  system s a re  d i f f i c u l t  t o  a c h ie v e .
The e f f e c t  o f  d is p e r s e d  p a r t i c l e s  on th e  r e c r y s t a l l i s a t i o n  k i n e t i c s
o f a lum in ium -based  a l lo y s  has been q u a n t i t a t i v e l y  r e l a t e d  to  t h e i r  i n t e r -
1 2  3p a r t i c l e  sp a c in g  by D oherty  and M artin  ’ , and by Mould o.nd C o tte r  i l l  ,
and th e  l a t t e r  hove combined th e  two s e t s  o f  d a ta  to  p o s tu l a t e  a
mechanism o f r e c r y s ta l l i s e ^ t io n  in  such a l l o y s .  In  each  o f th e s e
in v e s t ig a t io n s  a com prehensive s e t  o f  d is p e r s io n  d a ta  was r e p o r te d
and th e  i n t e r - p a r  t i d e  sp a c in g s  w ere c a lc u la t e d  by means o f a  fo rm u la
4  5 __  _________________ ____________p ro p o sed  by Ghaw e t  a l  . However, Underwood has shown t h a t  t h i s
fo rm u la  i s  open to  c e r t a i n  b a s ic  c r i t i c i s m s  w hich do n o t a p p ly  to  o th e r
fo rm u la e .
A3.
The p u rp o se s  o f  th e  p r e s e n t  p ap e r a r e ,  f i r s t l y ,  to  a s s e s s  th e  
a p p l i c a b i l i t y  o f th e  v a r io u s  d e f i n i t i o n s  and fo rm u lae  w hich  have been  
u sed  by d i f f e r e n t  w orkers  to  d e s c r ib e  and e v a lu a te  i n t e r - p a r t i c l e  
s p a c in g s ; s e c o n d ly , to  in d ic a te  th e  m agnitude o f th e  n u m e ric a l 
d i f f e r e n c e s  w hich a r i s e  from  th e  u se  o f  th e  v a r io u s  fo rm u la e ,  f o r  a 
ran g e  o f t y p i c a l  d i s p e r s io n s ,  and t h i r d l y  to  i l l u s t r a t e  th e  i n t e r ­
p r e t a t i v e  s ig n i f ic a n c e  o f th e s e  d i f f e r e n c e s  by means o f  a  r e -a s s e s s m e n t  
o f th e  d a ta  r e p o r te d  in  th e  ab o ve-m en tioned  r e c r y s t a l l i s a t i o n  s tu d i e s ,
2 . ' THE ev a lu a t io n  o f  th e ,  i n t e r - p a r t i c l e  s p a c in g
2 .1  G en e ra l a sp e c t s
The g e n e ra l  to p ic  o f  s te r e o lo g y  h as  r e c e n t ly  been  th o ro u g h ly
6 7 -rev iew ed  by Underwood 3 , and th e  fo llo w in g  acco u n t d e a ls  b r i e f l y  w ith
th o se  a s p e c ts  w hich r e l a t e  s p e c i f i c a l l y  to  th e  e v a lu a t io n  o f  th e  i n t e r - 
p a r t i c l e  sp a c in g  in  d i s p e r s io n  a l l o y s .  The v a r io u s  sym bols w hich a re  
u sed  in  t h i s  t r e a tm e n t  rure l i s t e d ,  w ith  t h e i r  d e f i n i t i o n s ,  i n  th e  
a p p e n d ix : th e y  a r e  a ls o  d e f in e d  in  th e  t e x t  on th e  f i r s t  o c c a s io n  on
w hich th e y  a r e  u se d , su b seq u en t u se  th e n  b e in g  w ith o u t f u r t h e r  d e f i n i t i o n .
In  p r a c t i c e  th e  sh a p e , s iz e  and d i s t r i b u t i o n  o f  d i s p e r s e d  p a r t i c l e s  
a re  n o t i d e a l ly  un ifo rm , and o f n e c e s s i ty  th e  v a r io u s  fo rm u la e  r e l a t e  
to  " a v e ra g e ” v a lu e s  o f  th e  r e le v a n t  p a ra m e te rs .  T h is  does n o t le a d  to  
s e r io u s  e r r o r  in  th e  q u a n t i t a t i v e  d e s c r ip t io n  o f m ic r o s t r u c tu r e s  p ro v id e d  
f i r s t l y ,  t h a t  th e  p a r t i c l e s  axe d i s t r i b u t e d  random ly (as  d i s t i n c t  from  
u n ifo rm ly ) ,  a n d , s e c o n d ly , t h a t  e v a lu a t io n s  a r e  b a se d  on a  s t a t i s t i c a l l y  
s i g n i f i c a n t . co v erag e  o f r e p r e s e n ta t i v e  sam p les . However, i n  th o s e  c a s e s  
w here p a r t i c l e s  a re  s e g re g a te d  o r c lu s t e r e d  in  g ro u p s , i t  may be 
n e c e s s a ry  to  e v a lu a te  th e  v a r io u s  p a ra m e te rs  ( e s p e c ia l ly  th e  i n t e r -  
p a r t i c l e  s p a c in g ) ,  s e p a r a te ly  in  each  o f th e  reJ-evan t r e g io n s  o f  th e  
m ic ro s t ru c tu r e .
In  a d d i t io n  i t  i s  n e c e s sa ry  to  d i s t i n g u i s h  betw een  th e  im p l ic a t io n s  
o f  th e  word random as  i t  i s  a p p l ie d ,  f i r s t l y ,  t o  th e  d i s t r i b u t i o n  o f  
p a r t i c l e s  w i th in  th e  m ic r o s t r u c tu r e , an d , s e c o n d ly , to  th e  d i s t r i b u t i o n
o f th e  l i n e s  a n d /o r  p la n e s  of  s e c t io n  w hich a r e  u sed  to  o b ta in  th e
.data from  w hich th e  v a r io u s  p a ra m e te rs  a r e  e v a lu a te d .
In  th e  g e n e ra l  ce.se o f a  random d i s t r i b u t i o n  o f u n ifo rm  s p h e r i c a l
5 3p a r t i c l e s  (o f r a d iu s  r )  e q u a tio n s  a r e  a v a i l a b le  9 9 r e l a t i n g  th e  p a r t i c l e  
volume f r a c t i o n  (F )> th e  number o f p a r t i c l e s  p e r  u n i t  voiume (Nv ) , th e  
number o f  p a r t i c l e s  p e r  u n i t  a r e a  on any p la n e  s e c t io n  (N .) ,  and th e  
number o f  p a r t i c l e s  p e r  u n i t  le n g th  o f  a l i n e  p a s s in g  random ly th ro u g h  
th e  s t r u c tu r e  (NT)• The p r in c ip a l  e q u a tio n s  a r e  a s  f o l lo w s : -JLr
IT N/  N
Nv = - 4 i 5 “ “ = 2T   .•■(!>..
2Nl  3Fv
r  ~ ~ 4 n l  • * • • • • • • • ( 2 )
3F
and . . . . . . . .  (3)
2trr
In  a d d i t io n ,  th e  volume f r a c t i o n  o f p a r t i c l e s ,  o f  any s h a p e , can be
o b ta in e d  r ig o r o u s ly  from  th e  p la n e  of p o l i s h  o f a m e ta l lo g ra p h ic
5 6specim en by means o f any one o f th e  fo llo w in g  r a t i o s  9 :~
A L N
p — ..P. — «.£ tj w.H «*»»•*»* (4 J
V At  Lt  Nt
w here-A , L and N r e f e r  r e s p e c t iv e ly ,  to  th e  a r e a s , l i n e  l e n g th s ,  and
numbers o f  g r id  p o in t s  o v er th e  p a r t i c l e s  (d en o ted  by th e  s u f f i x  p )  and
over th e  t o t a l  s t r u c t u r e  (d en o ted  by th e  s u f f i x  t )  in  th e  exam ined s u r f a c e ,
T here a r e  two b a s ic  co n cep ts  o f  i n t e r - p a r  t i d e  s p a c in g : nam ely ,
mean f r e e  p a th  (o r d is ta n c e ) ' and th e  n e a r e s t  n e ig h b o u r d i s t a n c e .  These
a r e  defined  and d is c u s s e d  in  th e  fo llo w in g  s e c t io n s ,  f i r s t l y  f o r  th e
g e n e ra l  ca se  o f random ly d i s t r i b u t e d  p a r t i c l e s ,  and s e c o n d ly , f o r
p a r t i c u l a r  c a se s  o f s p e c i f i c a l l y  d e f in e d  u n ifo rm  d i s t r i b u t i o n s .
2 .2  Randomly d i s t r i b u t ed  p a r t i c le s
2 .2 .1  The mean f r e e p a th
Q
The mean f r e e  p a th ,  o r d i s ta n c e ,  ( \  ) has  been  d e f in e d  by F ullm an  
9and McLean . I t  i s  th e  a.verage d is ta n c e  betw een  p a n r tic le s  a lo n g  any 
random s t r a i g h t  l i n e  in  th e  s t r u c t u r e .  The fo rm u la  f o r  i t s  e v a lu a t io n
has been  shown by Fullm an^ to  be  b a se d  on th e  f a c t  t h a t  th e  number o f  
in te r c o p t io n s  o f p a r t i c l e s  by th e  t e s t  l i n e  i s  th e  same a s  th e  number 
o f m atrix: a re a s  w hich a re  i n te r c e p te d .  T hus, u s in g  th e  same n o ta t io n  as 
in  th e  p re v io u s  s e c t io n ,  th e  l i n e a l  f r a c t i o n  o ccu p ied  by th e  m a tr ix  i s  
g iv e n , f i r s t l y ,  b y ^ N . and se c o n d ly , by ( l~ tr^ j . E q u a tio n  (4) shows t h a t1/ iL*-
t h i s  l a t t e r  e x p re s s io n  i s  e q u a l to  th e  volume f r a c t i o n  o c cu p ie d  by th e
m a tr ix  (1-F  ) .  H ence, Fuilm an*s fo rm u la  f o r  th e  mean f r e e  p a th  i s  a s  fo llo w s  
V ' 1 - F
A =  ...........................................    (5)
L
T h is  fo rm u la  i s  v a l i d  f o r  any p a r t i c l e  d is p e r s io n  s t r u c t u r e ,  s in c e
i t s  d e r iv a t io n  in v o lv e s  110 a ssu m p tio n s  ab o u t th e  s i z e , shape  o r d i s t r i b u t i o n
o f th e  p a r t i c l e s .  M oreover, a lth o u g h  i t  i s  d e f in e d  in  l i n e a r  t e r m s a n d
o b ta in e d  from  th e  p la n e  o f p o l i s h ,  th e  mean f r e e  p a th  i s  a  th re e -d im e n s io n a l
p a ram e te r s in c e  i t  i s  u s u a l ly  c a lc u la te d  as  th e  av erag e  v a lu e  fro m  a s e r i e s
of random t e s t  l i n e s  on s e v e r a l  random p la n e s  of p o l i s h .
A nother u s e f u l  p a ram e te r i s  b a se d  on th e  f a c t  t h a t  th e  av e rag e  random
p a r t i c l e  i n t e r c e p t  c e n t r e - to - c e n t r e  d is ta n c e  ( a )  i s  g iv en  by th e  r e c i p r o c a l
o f th e  number o f p a r t i c l e s  in te r c e p te d  p e r  u n i t  le n g th  o f  th e  t e s t  l i n e
6( i . e .  1/N ) .  As Underwood has shown , t h i s  ex ceed s th e  mean f r e e  p a thLf
(which i s  th e  c o rre sp o n d in g  e d g e - to -e d g e  d is ta n c e )  by an amount w hich 
e q u a ls  th e  av e rag e  p a r t i c l e  in t e r c e p t  le n g th  (L ^ ): t h u s : -
" 3  = = i L -  x     (6 >
s u b s t i t u t i n g  f o r  , from  e q u a tio n  (5) le a d s  to  th e  fo llo w in g  
e x p r e s s io n : -
“ 5 7    (7 )
Is
T h is  p a ram e te r*  (Lg) r e p r e s e n ts  a  l i n e a l  m easure o f th e  e f f e c t i v e
•“•F o o tn o te  The av erag e  p a r t i c l e  i n t e r c e p t  le n g th  (L^) i s  th e  a v e rag e  le n g th  
o f any l in e  p a s s in g  th ro u g h  th e  p a r t i c l e ,  random ly , on any p la n e  s e c t io n .
I t  d i f f e r s ,  n u m e r ic a l ly ,  from  th e  a c tu a l  d ia m e te r  o f  th e  p r o je c t e d ,  o r  
s e c t io n e d ,  a r e a  o f th e  p a r t i c l e ,  on th e  p la n e  o f s e c t io n ,  a l th o u g h  th e s e  
two p a ra m e te rs  a re  r e l a t e d  m a th e m a tic a lly . In  th e  ca se  o f  s p h e r i c a l  
p a r t i jc le s  th e  fo rm er i s  g iv en  by 4 -/3 r, w h i l s t  th e  l a t t e r  i s  e q u a l  t o
2 r /  (see  r e fe r e n c e  6 ) .
ju&t; ui m« pcii. xu xtixaxxun tu i  ts in c e ic e p t io n  Dy ci jra.nu.oiTi resTc
i n e .  I t  i s  a p p l ic a b le  t o  a l l  d i s p e r s io n  s t r u c t u r e s  s in c e ,  once
g a in ,  no assu m p tio n s  a s  to  th e  p a r t i c l e  sh a p e , s i z e  or d i s t r i b u t i o n
ce in v o lv e d  in  th e  d e r iv a t io n .  S u b s t i t u t i n g  e q u a tio n  (7) i n to
.q u a tio n  (5) le a d s  to  th e  fo llo w in g  e x p re s s io n  f o r  th e  mean f r e e  p a th
X ) in  te rm s o f th e  p a r t i c l e  i n t e r c e p t  le n g th  (h ^ ) ,  and th e  volume
r a c t i o n  (F' v '
X =  L3 ( i  -  1)    (3 )
V
A lthough e q u a tio n s  (5) to  (8 ) have g r e a t  g e n e r a l i t y ,  s in c e  th e y
alee no assu m p tio n s  ab o u t th e  p a r t i c l e  c h a r a c t e r i s t i c s ,  th e  a c c u ra c y
iv o lv ed  in  th e  u se  o f  a  s in g le  v a lu e  o f  th e  mean f r e e  p a th  to
n iq u e ly  d e s c r ib e  a  g iv e n  d is p e r s io n  s t r u c t u r e  i s ,  to  seme e x t e n t ,
i s t r i b u t i o n  d ep en d en t. For t r u l y  random d is p e r s io n s  a  s e r i e s  o f  t e s t  
/ o r
in e s  a n d /p la n e s  ta k e n  from  any one o f  th e  p o s s ib le  a n g le s  and  
r i e n t a t i o n s  w i l l  have s t a t i s t i c a l l y  e q u iv a le n t  p a r t i c l e  d i s t r i b u t i o n s ,  
^crice, p ro v id e d  t h a t  s u f f i c i e n t  m easurem ents a r e  made, th e  mean f r e e  
a th  .w ill  have a  s in g le  v a lu e  w hether i t  i s  m easu red , f i r s t l y ,  a lo n g  a  
in g le  l i n e ,  s e c o n d ly , a s  th e  av e ra g e  v a lu e  f o r  s e v e r a l  l i n e s  on one 
la n e ,  o r  t h i r d l y ,  as  th e  av e rag e  v a lu e  f o r  s e v e r a l  l i n e s  and  p la n e s  
h roughout th e  s t r u c t u r e  as  a  w h o le .
The u se  o f  a s e r i e s  o f  t e s t  l i n e s  a n d /o r  p la n e s  in  norm al p r a c t i c e ,  
h e r e f o r e ,  a r i s e s  from  th e  need t o  e n su re  s t a t i s t i c a l l y  r e p r e s e n ta t i v e  
overage  o f  th e  s t r u c t u r e .  The r e s u l t i n g  v a lu e  o f th e  mean f r e e  p a th  
/ i l l  th e n  be g e n u in e ly  c h a r a c t e r i s t i c  o f  th e  s t r u c t u r e  as  a  w h o le , an d  
t  sh o u ld  n o t be n e c e s s a ry  to  q u a l i f y  i t s  d e s c r ip t i o n  by th e  u se  o f 
he words " l i n e a r " ,  " p la n a r"  o r " v o lu m e tr ic "  r e s p e c t i v e l y .  However, 
l  th e  c a se  o f  a  d is p e r s io n  in  w hich th e  p a r t i c l e s  a r e  d i s t r i b u t e d  
ifo rm ly  (as d i s t i n c t  from  random ly) th e r e  w i l l  be a n i s o t r o p ic  
a r i a t i o n s  in  th e  l i n e a r  and p la n a r  mean f r e e  p a th  v a lu e s ,  w hich  w i l l
a r r r e r  c n a ra c  veristxcaJL±y xrom  tn a  mean v o lu m e tr ic  v a ju e  ^see a i s o  
S e c t io n  2 . 3 .1 ) .
(6 )Udderwood'  '  has g iv en  a  s e r i e s  o f fo rm u la e  w hich e n a b le  th e  
mean p a r t i c l e  i n t e r c e p t  le n g th  t o  be  c a lc u la te d  from  a  know ledge o f 
th e  p a r t i c l e  geom etry f o r  a  w ide v a r i e ty  o f  d i f f e r e n t  p a r t i c l e  s h a p e s .  
In  th e  s p e c i f i c  c a se  o f  s p h e r i c a l  p a r  t i d e s , ,  s u b s t i t u t i n g  e q u a tio n
(2 ) in to  e q u a tio n  (7) g iv e s  th e  fo llo w in g  s im p le  r e l a t i o n s h i p  betw een  
th e  mean p a r t i c l e  i n t e r c e p t  le n g th  (L^) and th e  p a r t i c l e  r a d iu s  ( r ) : »
Z3 = f  r  . . . . . . . .  (9)
Com parison o f  e q u a tio n s  (8) add (9) shows t h a t  th e  mean f r e e  
p a th  ( A )  i s  d i r e c t l y  r e l a t e d  to  th e  volume f r a c t i o n  (^v ) and th e  
r a d iu s  ( r )  o f  s p h e r i c a l  p a r t i c l e s ,  as fo llo w s
X  = |  r  ( i  -  l )  . . . . . . . .  (10)
v
2 .2 .2 .  The n e a r e s t  n e ig h b o u r d i s ta n c e
The n e a r e s t  n e ig h b o u r d is ta n c e  ( A ) i s  u s u a l ly  d e f in e d  a s  th e  
av e rag e  c e n t r e - to - c e n t r e  d is ta n c e  betw een any p a r t i c l e  and  i t s  n e a r e s t  
n a ig h b o u rin g  p a r t i c l e .  Two such  d is ta n c e s  have been  d e s c r ib e d :  one in  
th e  volume a s  a w hole and  th e  o th e r  on a  p la n e  s e c t io n .  G u r la n d ^ <‘) , ^ ‘^  
has g iv en  fo rm u lae  f o r  th e s e  d is ta n c e s  w h ich  a r e  b ased  on d e r iv a t io n s  
by H e r tz  and Chandrasekhar^"^  ^j th e  to p ic  has been  rev iew ed  by 
F o rsch e r ,
The fo rm u lae  w ere o r i g i n a l l y  d e r iv e d  f o r  a  random ly d i s t r i b u t e d  
a r r a y  o f  p o in ts  on th e  b a s i s  o f  th e  p r o b a b i l i t y  o f  f in d in g  th e  n e a r e s t  
ne ig h b o u r a t  a  d is ta n c e  betw een x  and (x * dx) from  any p o in t .  They 
have s in c e  b een  a p p l ie d  t o  random d is p e r s io n s  o f  sm a.ll s e p a ra te d  
p a r t i c l e s ,  in  w hich case  th e  p a r t i c l e  c e n t r e s  a r e  assum ed t o  r e p la c e  
th e  p o in ts  in  th e  o r i g i n a l  d e r iv a t io n s .  U sing Underwood’s n o t a t i o n '  7, 
th e  n e a r e s t  n e ighbour d is ta n c e s  in  th e  vo3.ume ( (\^)  and on a  p la n e  
^ o )  a r e  g iv e n , r e s p e c t iv e ly ,  by th e  fo llo w in g  e q u a t io n s : -
• - 1 / 3&3 = 0.554 N . . . . . . . .  (11)
and ^ ^ ~ 0 .5 0 0  ri^ ., (12)
In  th e  s p e c i f i c  ca se  o f  s p h e r i c a l  p a r t i c l e s  e q u a tio n s  ( 1 ) ,  (2)
and (3) can  be u sed  to  e x p re s s  th e s e  n e a r e s t  n e ig h b o u r d i s ta n c e s  in
term s o f  th e  mean f r e e  p a th  ( X ) ?  th e  p a r t i c l e  r a d iu s  ( r )  and  th e  
p a r t i c l e  volume f r a c t i o n  (Fv ) , a s  f o l lo w s : -
U f r 2 > ' ? 1/3& = 0 .5 5 4 «  — — -  I  ........ .. (13)
( *  -  F v }
and  2 = 0 . 5 0 0 ^ ^ - ^ - ^  ... ...............  (14)
S u b s t i t u t i n g  f o r  X fro m  e q u a tio n  (10) a llo w s  th e s e  e x p re s s io n s  to  
be m o d ified  to  r e l a t e  th e  n e a r e s t  n e ig h b o u r d i s ta n c e  t o  th e  p a r t i c l e  
r a d iu s  and  volume f r a c t i o n  o n ly  a s  f o l lo w s : -
A 3  =  0 .5 5 4  r  )1/3 . . . . . i i i  (15)
v
and A  ^  ~ 0 .5 0 0  r  ( ~ & )* . . . . . . . .  (16)
v
A nalagous fo rm u lae  can  be d e r iv e d  f o r  o th e r  p a r t i c l e  sh apes by th e  
use  o f  e q u a tio n s  ( i i )  and (12) i n  c o n ju n c tio n  w ith  Underwood * s
fo rm u lae  f o r  th e  mean in te r c e p t  le n g th  o f th e  a p p r o p r ia te  p e r  t i d e
(6 ) (15)g eo m etry ' f o r  exam ple, F i t z p a t r i c k '  1 has  a n a ly s e d  th e  r e c r y s t a l l i s a ;v io n
c h a r a c t e r i s t i c s  o f  a  s e r i e s  o f  a lu ra in iu m -z irco n iu m  a l lo y s  c o n ta in in g  c u b ic
and p la te - s h a p e d  p a r t i c l e s .
The assu m p tio n  t h a t  th e  c e n t r e s  o f  f i n i t e - s i z e d  p a r t i c l e s  can  be 
re g a rd e d  in  th e  same l i g h t  as  th e  i n f i n i t e s s i m a l  p o in t s  o f  th e  o r i g i n a l  
a n a ly s is  in tro d u c e s  an  in h e re n t  e r r o r  i n to  th e  c a l c u l a t i o n  o f  n e a r e s t  
n e ighbour d i s t a n c e s .  T h is  a r i s e s  s in c e  p a r t i c l e  c e n t r e s  c an n o t b e  c lo s e r  
th a n  a  d is ta n c e  equa.1 to  tw ice  t h e i r  r a d iu s  ( i . e .  2r )  s in c e  th e  p a r t i c l e s  
canno t o v e r la p .  H ence, a lth o u g h  th e  a l l o y  may be one in  w hich th e  
d i s t r i b u t i o n  o f  p a r t i c l e s  i s  d e s c r ib e d  a s  random ( in  th e  m e ta l lo g ra p h ic  
s e n s e ) ,  th e  d i s t r i b u t i o n  o f  p a r t i c l e  c e n t r e s  can n o t c o rre sp o n d  to  th e
assum ption  o f  random ly s i t u a t e d  p o in t s  ( in  tn e  m a tn em a tica i s e n s e ; ,  
s in c e  t h i s  l a t t e r  co n cep t in c o rp o ra te s  th e  p o s s i b i l i t y  o f  p o i n t -  
p a i r in g s  a t  d i s ta n c e s  l e s s  th a n  2r .
I t  th e r e f o r e  fo llo w s  t h a t  e q u a tio n s  (11) to  (16) a r e  o n ly  s t r i c t l y
v a l id  when a p p l ie d  t o  p o in t -p a r  t i d e s  , a lth o u g h  in  p r a c t i c e , th e y  a r e  
n o t s e r io u s ly  in  e r r o r  when a p p l ie d  to  d is p e r s io n s  o f  sm a ll p a r t i c l e s  
a t  low volum e f r a c t i o n s  (see  a l s o  S e c t io n  2 * 4 * 2 );
B an sa i and  A r d e l l^ ^ *  have a tte m p te d  t o  overcome t h i s
d e f ic ie n c y  by an a n a ly s is  w hich ta k e s  in to  ac c o u n t th e  sp ace  o c c u p ie d
by th e  p a r t i c l e s  i n  a  random* a r r a y  o f  raonod ispefse  s p h e r e s ,  and  w hich 
le a d s  t o  th e  fo llo w in g  e x p re s s io n s  f o r  th e  c e n t r e - to - c e n t r e  n e a r e s t  
n e ighbour d is ta n c e s  i n  th e  volume ( A 3 ( b a ) ) * and  on a  p la n e  ( ^ 2 (b A )^  
r e s p e c t i v e l y : -  •
SF
&  *fnA\ = r 3 2 + G v3 (BA) y  3 Fv 1 /3 V
f r
r Fv
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w here th e  s u f f i x  (BA) i s  u sed  to  d i s t i n g u i s h  th e s e  e x p re s s io n s  fro m  th o s e  
b ased  on th e  assu m p tio n  o f  p o i n t - p a r t i c l e s  ( i . e *  e q u a tio n s  ( 11) t o  ( 1 6 ) ? 
i n c lu s iv e )  and th e  p ”"* ( ) d e n o te s  an  in co m p le te  gamma f u n c t io n  **•
I t  sh o u ld  be  em phasised  t h a t  s t r i c t l y  (BA) r e -^ e r s  ^ e  d i s ta n c e  
betw een th e  c e n t r e s  o f  th e  c i r c l e s  form ed by th e  i n t e r s e c t i o n  o f  th e  
sp h e res  w ith  th e  r e f e r e n c e  p la n e ;  t h i s  d is ta n c e  a p p ro x im a te s  t o  th e  
sp h e re  c e n t r e - t o - c e n t r e  d is ta n c e *
The e r r o r s  in v o lv e d  in  a p p ly in g  th e s e  e q u a tio n s  t o  th e  r e a l  c a s e  
o f a  p o ly d is p e r s e  p a r t i c l e  d i s t r i b u t i o n  a re  l i k e l y  t o  be s m a ll ,
^F o o tn o te : B an sa i and  A rd e l l  d e s c r ib e d  t h e i r  p a r t i c l e  d i s t r i b u t i o n  a s  
"u n ifo rm ” , b u t on th e  s t r i c t  m eaning o f th e  te rm s u sed  in  t h i s  p ap e r 
i t  sh o u ld  be d e s c r ib e d  a s  "random "•
^F o o tn o te  * In  o rd e r  t o  p e rm it e a sy  c a lc u l a t i o n  o f  th e  n e a r e s t  n e ig h b o u r 
d i s t a n c e s ,  B ansai and A rd e ll  w i l l  su p p ly  t a b l e s  o f  an<^
2 ' 2 ( B A ) A : v a lu e s  on re q u e s t*  . *
s p e c ia rx y  wnen m e  p a m c r e  s iz e  ran g e  i s  s m a i i .  However, it: s n o u ia  
e  a p p re c ia te d  t h a t  B an sa i and  A rd e ll* s  e q u a tio n s  w ere d e r iv e d  
p e q i f i c a l l y  f o r  a  d is p e r s io n  o f  s p h e r ic a l  p a t i c l e s  and  th e y  a r e  n o t 
t r i c t l y  a c c u ra te  when a p p l ie d  t o  n o n ~ s p h e r ic a l  p a r t i c l e s .
E q u ation s (11)  t o  (1C) r e l a t e  t o  th e  mean c e n t r e - t o - c e n t r e  n e a r e s t  
eighbou r d is ta n ces®  I t  i s  p o s s ib le  t o  e v a lu a te  th e  co rresp o n d in g  e d g e -  
o -e d g e  n e a r e s t  neighbour d is ta n c e s  (d en oted  h ere  by th e  sym bol Z , w ith
he a p p ro p r ia te  s u f f i x )  by s u b tr a c t in g  th e  mean p a r t i c l e  d iam eter  (2r )
rom th e  v a lu e s  g iv e n  by th e  above-m en tion ed  e q u a t io n s , a lth o u g h  i t  
h o u ld  be rioted th a t  su ch  an a d a p ta tio n  o f  form u lae  b ased  on th e  
ssum ption  o f  random p a r t i c l e  d i s t r ib u t io n s  i s  r a r e ly  u sed  in  th e  
‘n t e r p r e ta t io n  o f  m e t a l lu r g ic a l  data*
. T hus, on th e  b a s i s  o f  th e  assu m ption  o f  p o i n t - p a r t i c l e s  th e  
d g e -to -e d g e  n e a r e s t  neighb our d is ta n c e s  (Z and Z ^ )  a re  g iv e n  by
< Air 1 /3  I 3 
Z3 = A3 -  2 r = r 0 . 5 5 4 (- )  -  2 V   (19)
and 2 ,  = _ z x  = r < 0 .5 0 0 ( | r  ) 1 /Z  - z \  . . . . . . . .  (2 0 )
L  >
j h i l s t  the co rresp o n d in g  e q u a tio n s  b ased  on B an sa i and A r d e l l fs  
a n a ly s is  fo r  f i n i t e  p a r t i c l e s  are  a s  f o l l o v j s : -
8F  _ _ r . e
'3 (BA) 3 (BA)V = ^ 3 (B ) " 2r  ~ 1 /3  * r ^3 ’8IV  .............v
'2 (BA) ~ /%{ B A )  "  2 r  =  r ] l 2 F
^ o*
r 6£?V -  0 .8 5 8 4 ^  . . .
I t  sh o u ld  a l s o  be n o ted  th a t  th e  n e a r e s t  neighbour d is ta n c e  has  
om etim es b een  d e f in e d  in  term s o f  th e  a v erage  d is ta n c e  betw een  any 
a r t i c l e  and i t s  n e a r e s t  tw o , th r e e  or fo u r  n e i g h b o u r s e 
l e a r l y ,  th e  form u lae w hich a re  u sed  t o  e v a lu a te  th e s e  v e r s io n s  w i l l  
i f f e r  c h a r a c t e r i s t i c a l l y  from  e q u a tio n s  (1 1 ) t o  ( 2 2 ) (w hich a re  a l l  
a sed  on th e  distance to  th e  s in g le  n e a r e s t  n eigh b ou r)*  In  g e n e r a l ,  
he more near n eigh b ou rs th a t  are ta k en  in t o  accou n t th e  la r g e r  w i l l  be
(22)
t :  j . v s o  w j .  u j - i i y  e v a x u u m u  u x i >  u m c t j }  s j j i u e  j u n  cjl x  c u z u u i a  p a n ;ic jL e  c i x x c i y  "UX1G
condj, t h i r d  o r f o u r th  n e ig h b o u rs  w i l l  be p r o g r e s s iv e ly  f u r t h e r  from  th e  
,fe re n c e  p a r t i c l e  them i s  th e  f i r s t  ( i . e .  th e  n e a r e s t )  n e ig h b o u r .
3 U nifo rm ly  d i s t r i b u t e d  p a r t i c l e s
3 .1  The d e s c r ip t io n  o f  th e  mean f r e e  p a th
The b a s ic  co n cep t o f  a  mean f r e e  p a th  im p lie s  t h a t  i t s  v a lu e  sh o u ld  
in d ep en d en t o f  th e  d i r e c t io n  o f th e  l i n e ,  o r  th e  o r i e n t a t i o n  o f  th e  
ane s e c t io n ,  on w hich i t  i s  m easu red . T h is  s i t u a t i o n  i s  r e a l i s e d  in  
lo y s  w ith  random  p a r t i c l e  d i s t r i b u t i o n s  (se e  s e c t io n  2 . 2 . 1 ) ,  However,
• th e  d i s t r i b u t i o n  i s  g e o m e tr ic a l ly  u n ifo rm  (as d is t in c t  from  random ) ,
* may become n e c e s s a ry  to  d i s t i n g u i s h  betw een  th e  l i n e a r ,  p la n a r  and 
lu m e tr ic  mean f r e e  p a th s ,  s in c e  th e r e  w i l l  be s t a t i s t i c a l l y  s i g n i f i c a n t  
r i a t i o n s  i n  th e  o c c u rre n c e  o f  p a r t i c l e s  on d i f f e r e n t  t e s t  l i n e s  a n d /o r  
a n e s , each  o f  w hich w i l l  be c h a r a c te r i s e d  by i t s  own p a r t i c u l a r  mean 
*ee p a th  v a lu e .
In  p r a c t i c e  i t  i s  o n ly  p o s s ib le  to  e v a lu a te  th e s e  v a r io u s  a n i s o t r o p ic  
n e a r  a n d /o r  p la n a r  v a lu e s  i f  th e  m easurem ent o f  d a ta  i s  c a r r i e d  o u t on 
e  b a s i s  o f  s p e c i f i c a l l y  o r ie n te d  l i n e s  o r p la n e s ,  e i t h e r  i n  s in g l e  
y s t a l  specim ens o r  w ith in  a  s in g le  g ra .in  o f  a  p o ly  c r y s t a l l i n e  sp ec im en .
In  th e  ca se  o f  random ly s e c t io n e d  s in g le  c r y s t a l s  th e  l i n e s  a n d /o r  
an es o f  m easurem ent w i l l  have s p e c i a l  g eo m e tric  s ig n i f i c a n c e  and  th e  
s u i t i n g  mean f r e e  p a th  v a lu e s  v / i l l  f a l l  w i th in  th e  ra n g e  o f  th e  
r io u s  a c t u a l ,  o r ie n ta t io n - d e p e n d e n t , l i n e a r  and  p la n a r  v a lu e s  w i th in  
e s t r u c t u r e .  S im i la r ly ,  f o r  any p la n e - s e c t io n ,  th e  u se  o f  a  t e s t  l i n e  
s s in g  th ro u g h  s e v e r a l  g r a in s  in  a  p o l y c r y s t a l l i n e  specim en w i l l  have th e  
le s t a t i s t i c a l  e f f e c t  as  w ould th e  u se  o f  s e v e r a l  random  l i n e s ,  o r  
a n e s , i n  a  s in g l e  c r y s t a l :  i . e .  i t  w i l l  lea^d t o  an  a v e ra g e , r a t h e r  th a n  
s p e c i f i c ,  v a lu e  o f  th e  mean f r e e  p a th  on t h a t  l i n e  o r  p la n e .
H ence, in  a  u n ifo rm  p a r t i c l e  a r r a y ,  th e  d e s ig n a te d  v o lu m e tr ic  
an  f r e e  p a th  w i l l  r e p re s e n t  an o v e r a l l  s t a t i s t i c a l  a v e rag e  v a lu e
o r ig i n a l  e x p e r im e n ta l m easurem ents r a t h e r  th a n  a  s in g le  v a lu e  r e p r e s e n t  
ing  a l l  p o s s ib le  d i r e c t i o n s  a n d /o r  p la n e s  in  th e  s t r u c tu r e *  H ence, 
even i f  i t  i s  o b ta in e d  by random s e c t io n in g  and  m easurem ent, th e  
i n t e r p r e t a t i v e  v a l i d i t y  o f  th e  v o lu m e tr ic  mean f r e e  p a th  as a  s in g l e  
s ta te m e n t o f th e  mean p a r t i c l e  e d g e - to -e d g e  d i s ta n c e  w i l l  depend on th e  
e x te n t  to  w hich th e  p a r t i c l e  d i s t r i b u t i o n  d i f f e r s  from  random ness*
2 .3 * 2  The Shaw e t  a l  a n a ly s is  o f  d i s p e r s io n  p a ra m e te rs
The a n a ly s is  o f  d i s p e r s io n  p a ra m e te rs  by Shaw e t  a l % '  was 
p roposed  i n  th e  c o n te x t  o f  an  in v e s t i g a t io n  o f  th e  t e n s i l e  p r o p e r t i e s  
o f  o v e r-a g e d  a lum in ium -copper a l lo y s *  I t  was assum ed t h a t  th e  a l l o y s  
c o n s is te d  o f u n ifo rm  s p h e r i c a l  p a r t i c l e s  w hich w ere u n ifo rm ly  
.d is t r ib u te d ,  in  th e  m a tr ix ,  a lth o u g h  i t  was. s t a t e d  t h a t  t h i s  a ssu m p tio n  
was "o n ly  a p p ro x im a te ly  i n  harmony w ith  th e  (o b se rv e d )  m ic r o s t r u c tu r e " • 
However, as  a  consequence o f  t h i s  a ssu m p tio n  th e  a n a ly s is  was b a se d  on 
th e  co n cep t t h a t  th e  p a r t i c l e s  w ere lo c a te d  a t  th e  c e n t r e s  o f  u n ifo rm  
s p h e r ic a l  dom ains, each  o f  w hich r e p re s e n te d  th e  volume o f  th e  p a r t i c l e  
and i t s  a s s o c ia te d  m a tr ix .
On th e  b a s is  o f  p r o b a b i l i t y  th e o ry  th e  a v e rag e  le n g v '. o f  a  random
t e s t  l i n e  was s a id  to  be e q u a l to  th e  domain r a d iu s ,  th e  r e c i p r o c a l
o f  w hich th e r e f o r e  g iv e s  th e  number o f  dom ains w hich a r e  i n t e r c e p te d  by
a u n i t  le n g th  o f  th e  t e s t  l i n e .  I f  t h i s  l a t t e r  p a ra m e te r  i s
m u l t ip l ie d  by a  f a c t o r  r e p r e s e n t in g  th e  p r o b a b i l i t y  t h a t  a  t e s t  l i n e
%
w i l l  s t r i k e  a  p a r t i c l e  r a d iu s  r )  in  any dom ain (o f  r a d iu s  R) th e  
r e s u l t i n g  p ro d u c t g iv e s  th e  number o f  p a r t i c l e s  in te r c e p te d  p e r  u n i t  
le n g th  o f  th e  t e s t  l i n e .  Shaw e t  a l* s  fo rm u la  f o r  t h i s  number
(W i £ ! -  r  __________ ~)
n l ( s )  = n " r  ~ f J '1 . . . . . . . .  (23 )
(N.B. i-Jherever p o s s ib le  th e  n o ta t io n  i s  th e  same as  i s  u sed  p r e v io u s ly  
w ith  th e  a d d i t i o n a l  s u f f i x  (S) t o  deno te  t h a t  th e  sym bol r e f e r s  to  th e  
v e r s io n  fo und  i n  th e  Shaw a n a l y s i s ) .
The r e c ip r o c a l  o f  th e  p re v io u s  p a ram e te r e q u a ls  th e  av e rag e  random
d is ta n c e  betw een p a r t i c l e  c e n t r e s  ( o , _ . ) ,  thus:**
(s )
1 _ __ _ R /<-» /) \
\ m  “ <s > '  “ c i r  ...........
/V
Shaw e t  c.l th e n  s t a t e d  t h a t  th e  v o lu m e tr ic  mean f r e e  p a th  ( X ( s ) ^  
i s  g iv en  by th e  d i f f e r e n c e  betw een th e  above d i s ta n c e  and  th e  p a r t i c l e  
r a d i u s , .t h u s * : -
^ -  r  • • • •<», • ,  (25)
3 (S ) 1 - J 1 -  f )
/  ^  / ("1 ~ i ■ ■~ r ‘ ■ i? (. • ( 26)
‘ (0> ( ?  t P I T  “  S
•In a d d i t io n ,  Shaw e t  a l  o b ta in e d  th e  fo llo w in g  fo rm u lae  f o r  th e
rumhar o f  p a r t i c l e s  p e r  u n i t  a re a  o f  a  p la n e  s e c t io n  (N  ^^  ^ ) an d  th e
r a t i o  o f  th e  volume o f  a  p a r t i c l e  t o  th e  volume o f  i t s  a s s o c i a t e d ,
su rro u n d in g , m a tr ix  (FD / r J  t -
R ( o  ) J
HA (S) = r f e    <2 7 >
r ^  1 ,  \
?r(s) = qs773 = (t 3 - 1  (2G>
' r
N um erical v a lu e s  f o r  th e s e  two p a ra m e te rs  w ere o b ta in e d  
e x p e r im e n ta l ly ;  th e  fo rm er by d i r e c t  met a l i o  g ra p h ic  o b s e rv a t io n ,  and th e  
l a t t e r  from  a  know ledge o f  th e  a l l o y  c o m p o s itio n , th e  p h a se  d iag ram  and 
th e  p h ase  d e n s i t i e s .  H ence, s im u lta n eo u s  s o lu t io n  o f  e q u a tio n s  (24) and 
(25) p roduced  v a lu e s  o f  th e  domain and p a r t i c l e  r a d i i  (R and  r , 
r e s p e c t i v e l y ) w hich w ere th e n  used  to  e v a lu a te  th e  v o lu m e tr ic  mean 
f r e e  p a th .
^F o o tn o te  -  N.B. By an a lo g y  w ith  Underwood’s a n a ly s is  o f  th e  mean i n t e r c e p t  
le n g th  f o r  a  random l i n e  w i th in  a  s p h e r i c a l  p a r t i c l e '  , th e  a v e ra g e  le n g th  
o f  a. t e s t  l i n e  in ad o m ain  o r in  a p a r t i c l e  sh o u ld  be g iv en  by 4 /3  R and 
4 /3  r  r e s p e c t i v e l y ,  and  n o t s im p ly  by th e  r a d i i  (as s t a t e d  by Shaw e t  a l ) .  
E q u a tio n s  (23) to  (26) sh o u ld  th e r e f o r e  be m o d ified  a c c o r d in g ly ,  a lth o u g h  
th ey  a re  t r e a t e d  h e re  in  th e  form  o r ig i n a l l y  g iv e n  by  Shaw e t  a l .
I t  sh o u ld  be n o te d  t h a t  th e  above-m ention .,d  volume p a ra m e te r
(^P(S))  a  vo^ullle no^ a  volume f r a c t i o n * On th e  b a s i s  o f
Shaw e t  a l* s  a ssu m p tio n s  abou t th e  m ic ro s t ru c tu r e  th e  volume f r a c t i o n
(Pv ( S ) } i s  g iv e n  by th e  r a t i o  o f  th e  volume o f  a  p a r t i c l e  t o  t h a t  o f
a t o t a l  domain ( in c lu d in g  th e  p a r t i c l e ) ,  t h u s : -
r  3
Pv (S ) ~ . ■ • • • * • « • •  (29)
S in ce  th e  s p h e r i c a l  domains a r e  in  m u tual c o n ta c t ,  w ith  th e
p a r t i c l e s  a t  t h e i r  c e n t r e s ,  th e  i n t e r - p a r t i c l e  c e n t r e - t o - c e n t r e  n e a r e s t
ne ighbour d i s ta n c e  in  a  volume (£^ ^  ^) i s  e q u a l t> th e  domain
d iam ete r (2R) . R e-arrangem ent o f  e q u a tio n  (24)  a llo w s  t h i s  t o  be
fo rm u la te d , a s  fallow s
«  i  l / 3  e » •  t  • •  •  ( 2 0 )
® 3 ( S )  = 2R = 2r  (p >1 J v(2)
In  a d d i t i o n ,  Shaw e t  a l  s u g g e s te d  t h a t  th e  p l a s t i c  p r o p e r t i e s  o f
m eta ls  sh o u ld  p e rh ap s  be c o r r e l a t e d  w ith  th e  mean f r e e  p a th  betw een
d is p e r s e d  p a r t i c l e s  on a s lip -p la m e *  An e q u a tio n  f o r  th e  p la n a r  mean
f r e e  p a th  was th e n  d e r iv e d  in  an  an a lag o u s  manner t o  t h a t  o u t l i n e d  above
fo r  th e  v o lu m e tr ic  mean f r e e  p a th  (e q u a tio n s  (23) t o  ( 2 6 ) ) ,  I t 'w a s  assum ed
th a t  th e  p a r t i c l e s  co u ld  be r e p re s e n te d  by c i r c u l a r  s e c t io n s  a t  th e  c e n t r e s
o f  u n ifo rm ly  sp aced  c i r c u l a r  dom ains on th e  a p p r o p r ia te  p la n e s .
C o n s id e ra tio n  o f  i n t e r c e p t  p r o b a b i l i t i e s  th e n  le d  Shaw e t  a l  t o  th e
fo llo w in g  e q r ia tio n  f o r  th e  p la n a r  mean f r e e  p a th  (XD/r J  i n  te rm s  o f  th e
P(oJ
c irc u la r :  p a r t i c l e  and domain r a d i i  (r* and R*, r e s p e c t i v e l y )
2R• 4 r *^    (31)
‘R1
2 (S) , r  * N sf fv '  a r c  s m  (— ) »*
However, th e  n u m eric a l v a lu e s  w hich  Shaw e t  a l  s u b s t i t u t e d  i n to  
e q u a tio n  (31) in  o rd e r  to  e v a lu a te  th e  p la n a r  mean f r e e  p a th  w ere  
o b ta in e d  from  escperim en ta l m easurem ents on random s e c t io n s  i n  p o ly ­
c r y s t a l l i n e  specim ens* H ence, th e  r e s u l t i n g  e v a lu a t io n  s h o u ld  
r e p re s e n t  an  av e rag e  v a lu e  f o r  a  number o f  c r y s t a l l o g r a p l i i c a l l y  random
.^i.vajiv;i> uAicux ca ssjpyvijixxu vc.xusi xox* any p a r c-aou-Lor p ra n e  ( e .g .
th e  s l i p  p la n e ) .  H ence, i t s  v a lu e  sh o u ld  be e q u a l  to  t h a t  g iv e n  by 
th e  fo rm u la  f o r  th e  v o lu m e tr ic  mean f r e e  p a th  (see  a l s o  S e c t io n  2 . 3 ,1 ) ,  
However, th e  a c t u a l  d a ta  r e p o r te d  by Shaw e t  a l  shows a  c o n s id e ra .b le  
d i f f e r e n c e  betw een  th e  v a lu e s  o f  th e  mean f r e e  p a th  o b ta in e d  from- 
e q u a tio n  (31) ( th e  s o - c a l l e d  " p la n a r"  v& lue) and e q u a tio n  (26) ( th e  
so -c e .lle d  f,vt lu m e tr ic ” v a lu e ) .  T h is  s u g g e s ts  t h a t  th e r e  i s  a  b a s ic  
e r r o r  a t  some p o in t  i n  th e  d e r iv a t io n  o f  th e  above fo rm u la e .
(5)  .
As Underwood h as  p o in te d  o u t v th e  b a s ic  co n cep t o f  a  s p h e r i c a l
domain o f  u n ifo rm  r a d iu s  su rro u n d in g  u n ifo rm  s p h e r ic a l  p a r t i c l e s  i s  
d i f f i c u l t  to  j u s t i f y ,  e s p e c ia l ly  s in c e  th e  dom ains a re  n o t s p a c e - f i l l i n g .  
Hence, th e  e q u a tio n s  d e r iv e d  by Shaw e t  a l  w i l l  m is - r e p re s e n t  th e  
v a r io - s  p a ra m e te rs  t o  an  e x te n t  w hich r e f l e c t s  th e  v a lu e s  o f  th e  
re g io n s  betw een  th e  dom ains, even i f  i t  i s  assum ed t h a t  th e  a l l o y  
c o n s is t s  o f  u n ifo rm  s p h e r i c a l  p a r t i c l e s  (o f  r a d iu s  r )  u n ifo rm ly  
d i s t r i b u t e d  ( a t  a  v o lu m e tr ic  n e a r e s t  n e ig h b o u r d is ta n c e  o f  2R) i n  a  f u l l y  
dense m a tr ix .  F or exam ple, e q u a tio n  (29) sh o u ld  be  m o d ifie d  t o  become
FV(S) = k - < f >3 ................. <3 2 >
where k  i s  a  f a c to r  w hich depends on th e  s p a c i a l  a rran g em en t o f  th e  
dom ains: e . g .  k  = 0 ,7 4  i f  i t  i s  assum ed t h a t  th e  domains a r e  c lo s e -
packed  a s ,  f o r  exam ple, i n  a  f a c e - c e n t r e d - c u b ic  a r r a y .  However, th e  
u n ifo rm ity  o f  p a r t i c l e  sh ap e , s i z e  and  d i s t r i b u t r i b u t i o n , w hich  i s  
im p l ic i t  i n  such a  f a c t o r i a l  m o d if ic a t io n  o f  th e  Shaw a n a l y s i s ,  s t i l l  
r e p re s e n ts  a  s p e c i a l  c a se  when compared to  th e  g e n e r a l  one o f  random ly 
d i s t r i b u t e d ,  u n d e f in e d , p a r t i c l e s  t r e a t e d  by Underwood and
F u llm a n ^ ^  and d is c u s s e d  e a r l i e r .
2 . 3 .3 , C u b ic a l ly  d i s t r i b u t e d  p a r t i c l e s
A ttem p ts  have f r e q u e n t ly  been  made t o  s im p l i f y  th e  d e s c r ip t i o n  o f  
d is p e r s io n  m ic ro s t ru c tu r e s  by assum ing t h a t  th e  p a r t i c l e s  a r e  d i s t r i b u t e d  
in  a  u n ifo rm  c u b ic  a r r a y .  Ho s p e c i f i c  fo rm u lae  f o r  th e  mean f r e e  p a th
a re  q u o ted  f o r  t h i s  s t r u c t u r e  a lth o u g h  s e v e r a l  w o rk ers  have d ea l: w ith  
th e  n e a r e s t  n e ig h b o u r d is ta n c e s *
Brown and H a m ^ ^  have exam ined th e  p la n a r  an a lo g u e  o f a  c u b ic  
a r r a y  and have shown t h a t  th e  c e n t r e - to ~ c e n t r e  n e a r e s t  n e ig h b o u r d is ta n c e  
betw een p a r t i c l e s  w hich a r e  a r ra n g e d  on a  sq u a re  l a t t i c e  
g iv en  by th e  fo llo w in g  e q u a t io n : -
^  2 (SL) = NA(GL) . . • . . . . . . . • . . ( 3 3 )
w here (5^  nmQk e r  p a r t i c l e s  p e r  u n i t  a r e a  o f  th e  sq u a re  l a t t i c e .
In  th e  case  o f  a c u b ic  a r r a y  th e  number o f  p a r t i c l e s  p e r  u n i t  a r e a
on a  p la n e  s e c t io n  and th e  n e a r e s t  n e ig h b o u r d is ta n c e  on  t h a t  p la n e  w i l l  
v a ry  a c c o rd in g  to  th e  o r i e n t a t i o n  o f  th e  p la n e  r e l a t i v e  t o  th e  ax es  o f  th e  
cu b e . However, th e  n e a r e s t  n e ig h b o u r d is ta n c e  in  th e  volume w i l l  a lw ays 
be  e q u a l t o  th e  le n g th  o f  th e  edge o f  th e  d i s t r i b u t i o n  u n i t  cu b e . T h is  i s  
c l e a r ly  e q u a l  to  th e  n e a r e s t  n e ig h b o u r d is ta n c e  on p la n e  s e c t io n s  w hich 
c o in c id e  w ith  th e  cube face*  H encej e q u a tio n  (33) can  be r e w r i t t e n  t o  
g iv e  th e  c e n t r e - to - c e n t r e  n e a r e s t  ne ig h b o u r d i s t a n c e ,  i n  th e  volum e, f o r  
c u b ic a l ly  d i s t r i b u t e d  p a r t i c l e s  (^ 3  (CL)  ^ a s  f o l lo w s : -
^ 3  (CL) = NA(CF)  . . . ( 3 4 )
w here number o f  p a r t i c l e s  p e r  u n i t  a re a  on a  p la n e  s e c t io n
ly in g  s p e c i f i c a l l y  a lo n g  th e  sq u a re  f a c e s  o f  th e  c u b ic  a r r a y .
T y s o n h a s  m o d if ie d  e q u a tio n  (34) i n  o rd e r  t o  e v a lu a te  th e  
co rre sp o n d in g  e d g e - to -e d g e  n e a r e s t  n e ig h b o u r d is ta n c e  (^3 ( q l j )  ky 
s u b t r a c t in g  a  term  w hich r e p r e s e n ts  th e  a v e rag e  d ia m e te r  o f  a. p a r t i c l e  
i n t e r c e p t  a r e a ,  on th e  t e s t  p la n e ,  in  th e  s p e c i f i c  c a se  o f  s p h e r i c a l  
p a r t i c l e s  (o f  r a d iu s  r )
^3(CL) ~ NA(CF) " ~2  . . . . ( 3 5 )
S u b s t i tu t in g  f o r  from  e q u a tio n  (3 ) le a d s  to  th e  fo llo w in g  a l t e r n a t i v e  
fo rm u la e :-
= r  (|3L)*   (36)3 (CL) v3Fv
and
w h i l s t  s u b s t i t u t i o n  f o r  from  e q u a t io n  (2 ) and  th e n  f o r  Nj from  
e q u a tio n  (5) g ives:-*
A - -?Lr-A_ y z (38)
3 (CL) “ 5  2 (1 -P v ) j  . .......................... ( ;
and Z = C-JEi L A .? t  .. TLE * • • • • . . . . * • ( 3 9 ) '3 (CL) P 2 ( l - F v ) >  2 . . . . . . . . . . . I  ;
Howeverj i t  sh o u ld  be n o te d  t h a t  th e s e  s u b s t i t u t i o n s  assum e t h a t  th e
f r a c t i o n  o f p a r t i c l e s  on th e  d i s t r i b u t i o n  cube f a c e s  i s  th e  same as
in  th e  volume a s  a  w h o le , w hich i s  n o t s t r i c t l y  v a l i d .  In  a d d i t i o n ,  th e
e d g e r to -e d g e  n e a r e s t  n e ig h b o u r d i s t a n c e  sh o u ld  be teeasu red  a lo n g  th e  l i n e
o f  th e  c e n tre s  o f th e  p a r t i c l e s .  I t  th e r e f o r e  f e l lo w s  t h a t  th e  te rm  t o
be s u b t r a c te d  from  th e  c e n t r e - t o - c e n t r e  n e a r e s t  n e ig h b o u r d i s t a n c e  i n
TTre q u a tio n s  ( 35 ) ,  (37) and (39) sh o u ld  be  2 r ,  said n o t ' “ rj— (a s  s t a t e d  by 
T y so n ). H ence, th e s e  e q u a tio n s  w i l l  o v e r -e s t im a te  th e  p a r t i c l e  e d g e - to -  
edge n e a r e s t  n e ig h b o u r d is ta n c e  in  a  c u b ic  a r r a y  by a  q u a n t i ty  w hich  i s  
e q u a l t o  0 .4 3  tim e s  th e  p a r t i c l e  r a d i u s .
Tyson has a l s o  p o in te d  o u t t h a t  th e  i n i t i a l  te rm  in  e q u a tio n s  
(35) to  (39) w i l l  be  d i f f e r e n t  f o r  n o n -c u b ic  a r r a y s  ( e .g .  f o r  h e x a g o n a l 
a r r a y s  a  m u l t i p l i c a t i o n  f a c to r  o f (2/ y iT )^  i s  r e q u i r e d ) :  b u t  he c o n c lu d e s
th a t  11 th e  d i f f e r e n c e  sh o u ld  be sm a ll and we can  c o n s id e r  t h i s  ( i . e .  
e q u a tio n  (35))  to  be a re a so n a b le  a p p ro x im a tio n  f o r  a  random  a r r a y ” .
In  p r a c t i c e ,  how ever, i t  m ust be acknow ledged t h a t  e q u a t io n s  (33) 
to  (39) a r e  h ig h ly  s p e c i f i c  fo rm u lae  w hich w ere d e r iv e d  f o r  a  s i t u a t i o n  
in  w hich  n e i th e r  th e  p a r t i c l e  d i s t r i b u t i o n  nor t h e  p la n e s  o f  m easurem ent 
a re  random . The i n i t i a l  te rm  in  th e s e  e q u a tio n s  i s  d e r iv e d  on th e  b a s i s  
t h a t  m easurem ents a r e  made s p e c i f i c a l l y  on p la n e s  o f  s e c t io n  w hich  
c o rre sp o n d  to  th e  f a c e s  o f  th e  assum ed p a r t i c l e  d i s t r i b u t i o n  u n i t  cube 
(o th e rw ise  th e y  do n o t g iv e  th e  c e n t r e - t o - c e n t r e  n e a r e s t  n e ig h b o u r  d i s t a n c e  
V a r ia t io n s  tow ards random s e c t io n in g  (by th e  u se  o f s e v e r a l  p la n e s  i n  a
s in g le  c r y s t a l ,  o r  o f any s e c t io n  a c ro ss  s e v e r a l  g r a in s  in  a  p o ly ­
c r y s t a l l i n e  specim en) w i l l  i n e v i t a b ly  le a d  to  an  a n i s o t r o p ic  d e c re a se  
in  th e  number o f  p a r  t i d e s  o b se rv e d  p e r  u n i t  a r e a  com pared w ith  s e c t io n s  
ly in g  s p e c i f i c a l l y  a lo n g  th e  d i s t r i b u t i o n  cube f a c e s .  H ence, th e y  . 
w i l l  p roduce m is le a d in g ly  h ig h  c a lc u la te d  v a lu e s  o f  th e  n e a r e s t  
ne ighbour d is ta n c e s  i f  th e  p a r t i c l e s  have a  g e n u in e ly  c u b ic  d i s t r i b u t i o n .
In  a d d i t io n ,  v a r i a t io n s  tow ards random ness in  th e  p a r t i c l e  
d i s t r i b u t i o n  w i l l  le a d  to  a  d e c re a se  i n  th e  a c t u a l  n e a r e s t  n e ig h b o u r 
d is ta n c e  s in c e  th e  d isp la c e m e n t o f  a  p a r t i c l e  from  a  c u b ic  l a t t i c e  w i l l  
in e v i t a b ly  p la c e  i t  c lo s e r  to  a t  l e a s t  one o f  i t s  o r i g i n a l  s i x  
sy m m e tr ic a lly  d i s t r i b u t e d  n e a r e s t  n e ig h b o u rs .
I t  i s  th e r e f o r e  t o  be co n c lu d ed  t h a t  d e s p i te  Tyson*s s ta te m e n t
s in c e  t h e i r  d e r iv a t io n  p re su p p o ses  a  co m b in a tio n  o f p a r t i c l e  d i s t r i b u t i o n  
and specim en s e c t io n in g  w hich r a r e l y  o cc u rs  in  p r a c t i c e  and w hich d i f f e r s  
s ig n i f i c a n t l y  from  random ness.
2 i4  Com parison o f  e v a lu a t io n s
The o r ig i n a l  fo rm u lae  f o r  th e  n e a r e s t  n e ig h b o u r d i s t a n c e  ( e q u a tio n s
(11) and  (12) )  w ere b ased  on th e  d i s t r i b u t i o n  o f  p o i n t s ,  w hich  r e p r e s e n t  
p a r t i c l e  c e n t r e s ,  in  an u n r e s t r i c t e d  random a r r a y ,  w hereas B an sa i and 
A rd e ll* s  fo rm u lae  (e q u a tio n s  (17) and (1 8 ))  ta k e  in to  a.ccount th e  fa .c t  
t h a t ,  i n  th e  r e a l  c a s e , th e  p a r t i c l e s  c a n n o t o v e r la p  and  h en ce  t h e i r  
c e n tr e s  a r e  n o t s t r i c t l y  d i s t r i b u t e d  in  an  u n r e s t r i c t e d  m anner. However 
th e  fo rm er e q u a tio n s  a r e  more g e n e ra l  th a n  th e  l a . t t e r  s in c e  th e y  make 
no a ssu m p tio n s  c o n ce rn in g  th e  p a r t i c l e  shape  w hereas th e  l a t t e r  a re  
b ased  s p e c i f i c a l l y  on a  d is p e r s io n  o f  s p h e r i c a l  p a r t i c l e s .
H ence, in  view  o f t h e i r  sh ap e-in d ep en d en c e  th e  o r i g i n a l  
d e r iv a t io n s  o f th e  n e a r e s t  n e ig h b o u r d i s t a n c e ,  i n  th e  volume a s  a 
w hole , ( i . e .  A.^) i s  u sed  as  a  b a s i s  f o r  com parison  w ith  o th e r ,
(39) canno t have w id e sp re a d  a p p l i c a t i o n
2*4 .1  For mule, e f o r  th e  n e a r e s t  n e ig h b o u r d is ta n c e
s u b se q u e n t, d e r iv a t io n s  i n  th e  fo llo w in g  d i s c u s s io n .
In  g e n e r a l ,  th e  s t a t i s t i c a l  chance o f p re p a r in g  a  s e c t io n  such  
th a t  th e  s in g le  n e a r e s t  ne ig h b o u r * t o  any r e f e r e n c e  p a r t i c l e ,  l i e s  
on t h a t  s e c t io n  d e c re a se s  as  th e  p a r t i c l e  volum e f r a c t i o n  d e c r e a s e s ,
Hence, th e  m easured  c e n t r e - to - c e n t r e  n e a r e s t  n e ig h b o u r d i s ta n c e  on a  
p la n e  ( ^ 2 o r te n d  to  be g r e a te r  th an  t h a t  in  t h e  volume
as a  w hole ( A a o r  ^ o / ^ A\ )  t o  an e x te n t  w hich in c r e a s e s  a s  th e  p a r t i c l e
volume f r a c t i o n  d e c re a s e s .  Com parison o f e q u a tio n s  (16) and  (15) le a d s
to  th e  fo llo w in g  r e l a t i o n s h i p  betw een  th e s e  d i s t a n c e s ,  in  th e  c a se  o f  p o in t  
p s r t i c l e s : -
■ » • «  1, N 1 / 6   < » >3 V
T h is  r e l a t i o n s h i p  i s  i l l u s t r a t e d  i n  F ig .  1 (cu rv e  A) fro m  w hich  
i t  can  be seen  t h a t  th e  two d is ta n c e s  a r e  a p p ro x im a te ly  e q u a l  a t  
h ig h  p a r t i c l e  volume f r a c t i o n s ,  b u t t h a t  th e y  d i f f e r  t o  an  in c r e a s in g ly  
s i g n i f i c a n t  e x te n t  a s  th e  volume f r a c t i o n  d e c re a s e s .
The assu m p tio n  o f  a  u n ifo rm  p a r t i c l e  d i s t r i b u t i o n  i s  a> g e o m e tr ic  
ap p ro x im a tio n  w hich i s  made f o r  a n a l y t i c a l  co nven ience  b u t w h ich  r a r e l y  
o ccu rs  i n  an  a c tu a l  m ic r o s t r u c tu r e .  H ence, th e  s u b s t i t u t i o n  o f  
ex p erim en t a. 1 d a ta  o b ta in e d  from  a  random  m ic ro s t ru c tu r e  i n t o  a  fo rm u la  
b ased  on th e  a ssu m p tio n  o f  a  u n ifo rm  d i s t r i b u t i o n  w i l l  le a d  t o  n u m e r ic a l 
in a c c u ra c ie s  w hich a re  a r e f l e c t i o n  o f  th e  d i f f e r e n c e s  betw een  th e  
r e le v a n t  fo rm u lae  f o r  th e  two ty p e s  o f d i s t r i b u t i o n .
Com parison o f  e q u a tio n s  (12) and (33) shows th a t  th e  c e n t r e - t o - c e n t r e  
n e a r e s t  ne ig h b o u r d is ta n c e  betw een  p a r t i c l e s  a r ra n g e d  in  a  s q u a re  
l a t t i c e  on a  p la n e ,  ( & 2 ( S L ‘*'S> on a v e ra 9e > tv /ice  t h a t  w hich  w ould be 
m easured on any random p la n e  in  a  s t r u c t u r e  c o n ta in in g  random ly  
d i s t r i b u t e d  p o in t  p a r t i c l e s  ( i . e .  ^ 2 )* H ence, th e  u se  o f th e  s q u a re -  
l a t t i c e  fo rm u la  w i l l  o v e r -e s t im a te  th e  p la n a r  n e a r e s t  n e ig h b o u r d i s t a n c e ,
in  a m ic ro s t ru c tu r e  h av in g  a  random p a r t i c l e  d i s t r i b u t i o n ,  by a  f a c to r  
o f  2 a t  a l l  p a r t i c l e  volume f re a c tio n  v a lu e s «
In  th e  case  o f  p a r t i c l e s  w hich a r e  d i s t r i b u t e d  v o lu in e t r ic a l ly  on 
a  c u b ic  l a . t t i c e  th e  c e n t r e - to - c e n t r e  n e a r e s t  n e ig h b o u r d i s ta n c e s  on 
a  p la n e  and in  a  volume a r e  e q u a l ,  s in c e  in  each  c a se  th e y  a r e  g iv e n  
by th e  le n g th  o f  th e  edge o f  th e  u n i t  d i s t r i b u t i o n  cube* H ence, i t  
f o l lo w s ,  from  e q u a tio n s  (1 2 ) , (34) and ( 40 ) ,  t h a t  th e  c e n t r e - t o - c e n t r e  
n e a r e s t  n e ig h b o u r d is ta n c e s  in  th e  volume f o r  c u b ic a l ly  d i s t r i b u t e d  
p a r t i c l e s  anc* random ly d i s t r i b u t e d  p o in t - p a r  t i d e s  ( ^ g )
a re  r e l a t e d  to  th e  p a r t i c l e  volume f r a c t i o n ,  a s  fo llo w s  : -
T h is  l a t t e r  r e l a t i o n s h i p  can  a ls o  be o b ta in e d  by com paring
e q u a tio n s  (36) and (1 5 ) . However, i t  i s  o n ly  s t r i c t l y  a c c u ra te  a s  a
d e s c r ip t io n  o f  th e  two d i s t r i b u t i o n s  i f  th e  p a r t i c l e  volume f r a c t i o n  i s
m easured on cube f a c e s  in  th e  c u b ic  d i s t r i b u t i o n  case  (see  a l s o  th e
d is c u s s io n  o f  e q u a tio n s  (36) to  (39) in  s e c t io n  2 . 3 . 3 ) .
I t  th e r e f o r e  fo llo w s  t h a t  th e  s u b s t i t u t i o n  o f d a ta  fro m  a  random
d i s t r i b u t i o n  m ic ro s t ru c tu r e  in to  fo rm u lae  b ased  on th e  a ssu m p tio n  o f  a
cu b ic  a r r a y  o f  p a r t i c l e s  w i l l  o v e re s t im a te  th e  c e n t r e - t o - c e n t r e  n e a r e s t
ne ighbour d is ta n c e  in  th e  volume t o  an  e x te n t  w hich in c r e a s e s  a s  th e
p a r t i c l e  volume f r a c t i o n  d e c re a s e s ,  b u t  w hich i s  in d ep en d en t o f  th e
p a r t i c l e  d im en sio n s . T h is i s  i l l u s t r a t e d  in  F ig .  1 (cu rve  B) f o r  p a r t i c l e
-7  -1volume f r a c t io n s  in  th e  ran g e  10 t o  10 , from  w hich i t  can  b e  se e n
th a t  th e  d isc re p a n c y  i s  l a r g e  a t  low p a r t i c l e  volume f r a c t i o n s .
Curve C, i n  F ig .  1 , shows t h a t  th e r e  i s  a  s im i la r  t r e n d  i n  th e  
co rre sp o n d in g  r a t i o  f o r  th e  e d g e - to -e d g e  n e a r e s t  n e ig h b o u r d i s t a n c e s ,  i n
ap p ro x im a te ly  0 .0 0 5 . However, any f u r t h e r  in c r e a s e  in  p a r t i c l e  c o n te n t  
causes t h i s  r a .t io  to  in c r e a s e  to  i n f i n i t y ,  a s s y m p to t ic a l ly , a s  th e
2 A 2 ~ 1 ,62  ( ~ ) 1 /6
v
(41)
/Z  ) as  th e  p a r t i c l e  volume f r a c t i o n  in c r e a s e s  up toth e  volume (:
A21.
p a r t i c l e  volume f r a c t i o n  ap p ro ach es  0.089* T h is  l a t t e r  t r e n d  a r i s e s
becau se  th e  c a lc u la te d  random d i s t r i b u t i o n  mean e d g e - to - e d g e 'n e a r e s t
ne ig h b o u r d i s t a n c e ,  in  th e  volum e, (2^) becomes z e ro  a t  t h i s  p a r t i c l e
volume f r a c t i o n  on th e  b a s is  o f  e q u a tio n  (1 7 ) . P h y s ic a l ly  t h i s  im p lie s
th a t  th e  p a r t i c l e s  would on a v e ra g e , be to u c h in g  each  o th e r .  T h is  i s
s t r u c t u r a l l y  im p o ss ib le , and i t  i s  an  in d ic a t io n  of th e  f a c t  t h a t  th e
p r o b a b i l i ty - b a s e d  d e r iv a t io n  o f  th e  i n i t i a l  random d i s t r i b u t i o n  fo rm u la
(e q u a tio n  (1 1 )) lo s e s  a c c u ra c y  a t  h ig h  p a r t i c l e  volume f r a c t i o n s * .
The v a r io u s  cu rv es  c o n ta in e d  in  F ig .  1 th e r e f o r e  s u g g e s t  t h a t  th e
n a tu re  o f  a  c o r r e l a t i o n  betw een any p ro p e r ty  and th e  n e a r e s t  n e ig h b o u r
d is ta n c e  w i l l  be o f d i f f e r e n t  form s j depending  on th e  fo rm u la  w hich i s
used  t o  c a lc u la te  th e  p a r t i c u l a r  d i s ta n c e ,  e s p e c i a l l y  i f  th e  d a ta
co v ers  a  w ide ran g e  o f  p a r t i c l e  c o n te n t .
On th e  o th e r  h an d , com parison  o f  e q u a tio n s  (30) and (15) shows
th a t  th e  c e n t r e - to - c e n t r e  n e a r e s t  n e ig h b o u r d is ta n c e  i n  th e  volum e
c a lc u la te d  on th e  b a s is  o f  th e  Shaw a n a ly s is  i s  2 .2 4  tim e s  t h a t3 ( o )
f o r  random ly d i s t r i b u t e d  p a r t i c l e s  (4  r e g a r d le s s  o f th e  p a r t i c l e  s iz e  
or c o n te n t .  In t h i s  ca se  any c o r r e l a t i o n  betw een a d is p e r s io n -d e p e n d e n t  
p ro p e r ty  and th e  n e a r e s t  n e ig h b o u r d is ta n c e  w i l l  be o f th e  same b a s ic  
form , a p a r t  from  th e  m u l t i p l i c a t i o n  f a c t o r ,  w h eth er th e  sp a c in g  i s  
c a lc u la te d  on th e  b a s is  o f  th e  Shaw a n a ly s is  o r on th e  b a s i s  o f a  random 
d i s t r i b u t i o n  o f p a r t i c l e s .
2*4 .2  C a lc u la te d  d a ta  f o r  t y p i c a l  a l lo y s
In  p r a c t i c e  th e  i n t e r - p a r t i c l e  spa.cing i s  c a lc u la t e d  i n  two s t a g e s .
^F oo tno te  -  S im i la r ly ,  on th e  b a s i s  o f  e q u a tio n  (1 3 ) , th e  c a lc u la t e d  
mean e d g e - to -e d g e  n e a r e s t  n e ig h b o u r d i s t a n c e ,  on a  p la n e ,  f o r  random ly 
d i s t r i b u t e d  p a r t i c l e s  ( Z ) becomes z e ro  a t  a  p a r t i c l e  volume f r a c t i o n  
of 0 .1 3 1 .
Firstly , information obtained from direct metallographic observation is
vised to  c a l c u l a t e  th e  p a r t i c l e  r a d iu s  and th e  volume f r a c t i o n  by means
o f  fo rm u lae  su ch  as e q u a tio n s  (1) t o  ( 4 ) ,  and  s e c o n d ly , th e s e  q u a n t i t i e s
a re  th e n  s u b s t i t u t e d  in to  one o f  th e  fo rm u la e  d is c u s s e d  in  s e c t io n s  2*2
to  2 *4 in  o rd e r  t o  o b ta in  a  v a lu e  o f th e  i n t e r - p a r t i c l e  sp ac in g *  T able
1 l i s t s  th e  n u m e ric a l v a lu e s  w hich r e s u l t  from  t h i s  p ro c e d u re ,  on th e
b a s is  o f  th e  v a r io u s  commonly u sed  spa.cing fo rm u la e , f o r  a  s e r i e s  o f
h y p o th e t ic a l  a l lo y s  c o n ta in in g  s p h e r i c a l  p a r t i c l e s  w ith  a v e ra g e  r a d i i
- 4in  th e  ra n g e  0*1 t o  2 .0  in icro n s f o r  volume f r a c t i o n s  in  th e  ra n g e  10 
„ 1
to  10 . No assu m p tio n s  a re  made as  t o  th e  d i s t r i b u t i o n  Of th e  p a r t i c l e s
th e  d a ta  i s  th e r e f o r e  ty p ica .1  o f  t h a t  w hich o cc u rs  i n  a. v a r i e t y  o f
in v e s t ig a t io n s  o f  d is p e rs io n -d e p e n d e n t phenomena in  a l lo y s  h av in g  no
s p e c i f i c  ty p e  o f  p a r t i c l e  d i s t r i b u t i o n .
E xam ination  o f t h i s  d a ta  shows t h a t  th e  mean f r e e  p a th  v a lu e s  a r e
alw ays g r e a te r  th a n  th e  n e a r e s t  n e ig h b o u r d i s t a n c e s ,  f o r  any  p a r t i c l e
c o n te n t ,  r e g a r d le s s  o f  th e  fo rm u la e  w hich a re  u se d  t o  e v a lu a te  th e s e
two b a s ic  form s o f  s p a c in g . T his i s  b e c a u s e , t o  a  f i r s t  a p p ro x im a tio n ,
th e  fo rm er i s  th e  av e rag e  d is ta n c e  betw een  any p a r t i c l e  and a l l  o f  i t s
n e ig h b o u rs , w hereas th e  l a t t e r  i s  th e  a v e ra g e  d is ta n c e  betw een  any
(1 1}p a r t i c l e  and i t s  c lo s e s t  n e ig h b o u r ' *
The v a r io u s  n e a r e s t  n e ig h b o u r d is ta n c e s  shown i n  T ab le  1 and  F ig .  2 
fo llo w  th e  t r e n d s  and r e l a t io n s h i p s  d is c u s s e d  e a r l i e r  ( s e c t io n  2 . 4 . 1 ) •
In  p a r t i c u l a r  th e  c a lc u la te d  v a lu e s  o f  th e  random  d i s t r i b u t i o n  c e n t r e - t o -  
c e n tre  n e a r e s t  n e ighbour d i s ta n c e ,  i n  th e  volume (A ) a re  l e s s  th a n  th e  
p a r t i c l e  d iam e te r  ( 2 r ) a t  a p a r t i c l e  volume f r a c t i o n  o f  0 .1 0  and  th e  
v a lu e s  r a i s i n g  from  B an sa i and  A rd e ll* s  fo rm u la e  f o r  f i n i t e  p a r t i c l e s  
^ 3  (BA) an<^  ^ 2  (BA)  ^ 0X0 s i g a i f i o a n t l y  l a r g e r  th a n  th o se  a r i s i n g  fro m  
th e  assu m p tio n  o f  p o in t  p a r t i c l e s  ( i . e .  & ^ and  h a t  volume f r a c t i o n s  
g r e a te r  th a n  0 .0 0 1  and  p a r t i c l e  r a d i i  g r e a te r  th a n  0 .1  m ic ro n s , th e
e x te n t  o f  th e s e  d i f f e r e n c e s  in c re a s in g  as e i t h e r  th e  volume f r a c t i o n  
of th e  p a r t i c l e  s iz e  in c r e a s e .
In  a d d i t io n  i t  i s  fo u n d  t h a t  th e  v a lu e s  o f  th e  mean f r e e  p a th  
c a lc u la te d  on th e  b a s is  o f  th e  Shaw a n a ly s is  ( A i i o v  a r e  a p p ro x im a te lyh° r
1*5 tim es  th o se  c a lc u l t e d  on th e  bCvSis o f  a  random d i s t r i b u t i o n  o f
p a r t i c l e s  (A) f o r  a  w ide ran g e  o f  p a r t i c l e  volume f r a c t i o n s .  However,
i t  sh o u ld  be n o te d  t h a t  t h i s  r a t i o  i s  o b ta in e d  e m p ir ic a l ly  from  th e
c a lc u la te d  v a lu e s  and n o t fu n d a m e n ta lly  from  th e  a p p r o p r ia te  fo rm u la e
owing t o  th e  n a tu r e  of th e  Shaw a n a ly s is  (see  e q u a tio n s  (25) and ( 26 ) .
3* APPLICATIONS
3*1 P rim ary  R e c r y s t a l l i s a t i o n
T here i s  am ple ev id en ce  t h a t  th e  r a t e  o f  p rim ary  r e  c r y s ta l l i s e d :  io n
i s  a c c e le ra .te d  ( r e l a t i v e  to  t h a t  o f  th e  m a tr ix  phase  a lo n e )  by th e
(3 21 -25)p re se n c e  o f w id e ly  sp aced  second p h ase  p a r t i c l e s ' * 1 and  r e t a r d e d
by c lo s e ly  sp aced  p a r t i c l e i ’*’*- ,^2<^  3 3 )^ a lth o u g h  s e v e r a l  d i f f e r e n t  s p a c in g
e v a lu a t io n s  have been u sed  and  few  w o rk ers  have p u b lis h e d  q u a n t i t a t i v e
r e s u l t s  f o r  a  w ide ra n g e  o f sp a c in g s  w i th in  a. s in g l e  a l i o y  sy s te m .
The fo llo w in g  p o in ts  a r e  c o n s id e re d  r e le v a n t  t o  th e  s e l e c t i o n  o f
an i n t e r - p a r t i c l e  sp a c in g  e v a lu a t io n  i n  th e  c o n te x t  o f  r e c r y s t a l l i s a t i o n
s tu d i e s .  - F i r s t l y ,  th e  fo rm a tio n  o f  a  n u c le u s  i s  a  th re e -d im e n s io n a l
p ro c e ss  and , in  th e  c a se  o f d is p e r s io n  a l l o y s , th e  c o n t r o l l i n g  f a c t o r  i s
l i k e l y  t o  be th e  d i s ta n c e  betw een a  p a r t i c l e  and i t s  n e a r e s t  n e ig h b o u r ,
s in c e  t h i s  d e te rm in e s  th e  u n in te r r u p te d  volume o f  th e  m a tr ix  p h ase
w ith in  w hich a  n u c le u s  may be fo rm ed . S e co n d ly , n u c le a t io n  o f te n
in v o lv e s  th e  re -a rra n g e m e n t o f  a  d e fo rm a tio n  c e l l  s t r u c t u r e ,  th e  w a l ls
o f  w hich f r e q u e n t ly  p a ss  th ro u g h  th e  p a r t i c l e s  in  a  d i s p e r s io n  e .l lo y .
I t  i s  th e r e f o r e  su g g e s te d  th a t  th e  i n t e r p r e t a t i o n  o f r e c r y s t a l l i s a t i o n
d a ta  sh o u ld  be b a se d  on i n t e r p a r t i c l e  sp a c in g  v a lu e s  w hich a r e  c a l c u l a t e d
as th e  c e n t r e - to - c e n t r e  n e a r e s t  n e ig h b o u r d i s ta n c e  in  th e  volum e.
(1 2 )D oherty  and liar t i n '  5 ' r e l a t e d  th e  r e c r y s t a l l i s a t i o n  k i n e t i c s  o f
aluminium-copper dispersion alloys to the inter-particle centre-to-
c e n tre  n e a r e s t  n e ig h b o u r d i s ta n c e ,  i n  th e  \d u m e ,  c a lc u la te d  on th e
b a s is  o f  th e  Shaw a n a ly s is  (& / 0 . ) ,  s i.nce  t h i s  had b een  d ev e lo p ed
*3 v ° /
(4)d u rin g  an  in v e s t i g a t io n  o f  th e  m ech an ica l p r o p e r t i e s  of s im i l a r  a l l o y s '
( 3 )
Mould an d  C o tte r  i l l '  th e n  u sed  th e  same p a ra m e te r  to  make a  d i r e c t  
com parison  o f  t h e i r  r e s u l t s  f o r  a lu m in iu m -iro n  a l lo y s  (hav ing  w id e r 
i n t e r - p a r t i c l e  s p a c in g s ,  b u t  f o r  o th e rw ise  s im i la r  s t r u c t u r a l  and 
e x p e r im e n ta l c o n d i t io n s )  w ith  th o s e  o f  D oherty  and M artin*
T h is  e s ta b l i s h e d  t h a t  th e r e  a r e  th r e e  d i s t i n c t  re g io n s  i n  th e  
c o r r e l a t i o n  betw een r e  c r y s t a l l i s a t i o n  k i n e t i c s  and th e  i n t e r - p a r  t i d e  
sp ac in g  i n  d is p e r s io n  a l lo y s .  I n i t i a l l y ,  th e  a d d i t io n  of. p a r t i c l e s  t o  
a  s in g le -p h a s e  m a tr ix  cau ses  th e  r a t e  o f  r e c r y s t a l l i s a t i o n  to  be  
a c c e le r a te d .  T h is  c o n tin u e s  as th e  number o f  p a r t i c l e s  i s  in c r e a s e d ,  and 
th e  i n t e r - p a r  t i d e  sp a c in g  i s  d e c re a s e d , u n t i l  th e  sp a c in g  r e a c h e s  a  
c r i t i c a l  v a lu e  (C^, s a y ) ,  below  w hich th e  r a t e  o f  r e c r y s t a l l i s a t i o n  
d e c re a se s  as th e  sp a c in g  i s  d e c re a s e d . F i n a l l y ,  th e r e  i s  a  su d d en  i n t e n s i ­
f i c a t i o n  o f  th e  r e t a r d a t i o n  p ro c e s s  below  a  seco n d , s m a l le r ,  i n t e r - p a r t i c l e  
sp a c in g  (C^, s a y ) .
I t  i s  w e ll'k n o w n  th a t  th e  a d d i t io n  o f  w id e ly  sp aced  p a r t i c l e s  t o
a  s in g le -p h a s e  m a tr ix  le a d s  t o  th e  fo rm a tio n  o f  a d d i t i o n a l  r e c r y s t a l l i s a t i o
(23 2A)n u c le i  a t  th e  p a r  t i d e - m a t r i x  i n t e r f a c e s v *"■“* i f  th e  p a r t i c l e  d ia m e te r  
i s  g r e a t e r  th a n  300 o £ '3 4 > (which was th e  c a se  i n  th e  e x p e rim e n ts  r e f e r r e d  
to  h e r e ) .  Mould and  C o t t e r i l l  u t i l i s e d  t h i s  o b s e rv a t io n  to  p o s t u l a t e ,  
f i r s t l y ,  t h a t  th e  upper c r i t i c a l  sp a c in g  (C^) c o rre sp o n d s  t o .a  s i t u a t i o n  
in  w hich  th e  m u tu a l p ro x im ity  o f  th e  p a r t i c l e s  h as  become su c h  t h a t  an  
in d ep en d en t v ia b le  n u c le u s  can n o t be form ed a t  each  p a r  t i d e - m a t r i x  
i n t e r f a c e  an d , s e c o n d ly , t h a t  th e  low er c r i t i c a .1  s p a c in g  (Q-.) c o rre sp o n d s  
t o  a s i t u a t i o n  in  w hich n u c le a t io n  i s  v i r t u a l l y  p re v e n te d  a t  th e  p a r t i c l e -  
m a trix  i n t e r f a c e s  and o c cu rs  o n ly  a t  a  r e l a t i v e l y  sm a ll  number o f  p o in t s  
in  th e  a l l o y .  They su g g e s te d  t h a t  t h i s  l a t t e r  s i t u a t i o n  w ould  a r i s e  when
th e  i n t e r - p a r t i c l e  sp a c in g  was s im i la r  t o ,  o r l e s s  th a n ,  th e  d e fo rm a tio n  
c e l l  s i z e ;  i n  w hich c a se  th e  c e l l  w a l ls  would be p in n e d  by th e  p a r t i c l e s  
and  w ould th e r e f o r e  be  u n ab le  to  ta k e  p a r t  in  th e  fo rm a tio n  o f  a  
r e c r y s t a l l i s a t i o n  n u c leu s*  They f u r t h e r  showed t h a t  t h i s  h y p o th e s is , 
i s  c o n s i s t e n t  w ith  th e  changes i n  th e  n u c le a t io n  and grow th r a t e s  
w hich w ere o b se rv e d  iri each  o f  th e  v a r io u s  i n t e r - p a r  t i d e  s p a c in g  r a n g e s .
The n u m e ric a l v a lu e s  o f  th e  c r i t i c a l  sp a c in g s  r e p o r te d  by Mould 
and  C2 = 1.8pm)
and Cot t e r  i l l  (C^ = 4 .0 p n / a r e  l a r g e r  th a n  w ould be  e x p e c te d  ort th e  
b a s i s  o f  th e  p ro b a b le  v a lu e s  o f  e i t h e r  (a) th e  minimum s iz e  o f  a. v ia b le  
n u c le u s ,  o r  (b) th e  d e fo rm a tio n  c e l l  s i z e ,  i n  th e s e  a l l o y s .  However, t h i s  
d isc re p a n c y  may a r i s e  from  th e  e r r o r s  w hich a r e  in v o lv e d  in  th e  u se  o f  
th e  Chaw a n a l y s i s ,  e s p e c i a l l y  s in c e  th e  p a r t i c l e s  w ere d i s t r i b u t e d  
random ly (as  d i s t i n c t  from  u n ifo rm ly ) in  th e  a l lo y s  i n  q u e s t io n .  More­
o v e r , i f  th e s e  sp a c in g s  o*re r e - e v a lu a te d *  in  te rm s  o f  th e  c e n t r e - t o - c e n t r e  
n e a r e s t  n e ig h b o u r d i s ta n c e ,  in  the  volum e, f o r  random ly d i s t r i b u t e d  
p a r t i d e s  ( A 2 ) th e  low er c r i t i c a l  sp a c in g  (C>) i s  fo u n d  t o  b e  0 ,3  
m icrons**  (which i s  in  good agreem ent w ith  th e  g e n e r a l ly  o b se rv e d  c e l l  
s i z e  f o r  t i e ' e  c o n d i t io n s ) ,  and th e  upper c r i t i c a l  sp a c in g  ( c p  i s  
ap p ro x im a te ly  tw ic e  as l a r g e .  These v a lu e s  a r e  more c o n s is t e n t  w ith  th e  
b a s ic  n a tu re  o f  th e  R o u ld - C o t te r i l l  h y p o th e s is  th a n  th e  o r i g i n a l  v a lu e s  
( c a lc u la te d  on th e  b a s is  o f  th e  Shaw a n a l y s i s ) .
Humphreys and I ia r t i n  have r e p o r te d  t h a t  th e  tim e  ta k e n  to  a t t a i n
50 p e r  c e n t r e c r y s t a l l i s a . t i o n  in c re a s e d  sm oo th ly  as  th e  i n t e r - p a r  t i d e
(33 )spo^cing d e c re a se d  in  c o p p e r - s i l i c a  c r y s t a l s '  1; t h i s  i s  shown i n  F ig .  3 a .
* F oo tno te  -  T h is  r e - e v a lu a t io n  con be c o .rr ie d  o u t e i t h e r  fro m  th e  f a c t  
t h a t  A ^ . = 2 .2 4  (see  s e c t io n  2 .4 .1 )  o r  by d i r e c t , c a l c u l a t i o n  fro m
th e  d is p e r s io n  d a ta  p u b lis h e d  in  th e  o r i g i n a l  p o p e r s ' .
**F ootno te  -  T h is  v a lu e  i s  on ly  s l i g h t l y  a l t e r e d  by th e  u se  o f  th e  Bansa.1
and A rd e l l  e v a lu a t io n ,  h  _9 3 (BA)
In this case the inter-par t id e  spacing was evaluated as the edge-to-
edge n e a r e s t  n e ig h b o u r d is ta n c e  on th e  b a s is  o f  a  c u b ic  d i s t r i b u t i o n
of  p a r t i c l e s  [q j j ) » a lth o u g h  th e  e x p e r im e n ta l e v id en c e  su g g e s te d
t h a t  th e  a c t u a l  d i s t r i b u t 30:23 rare  random. However, th e  p u b l is h e d  d a ta
a llo w s th e s e  sp a c in g s  to  be r e - e v a lu a te d  as  th e  c e n t r e - t o - c e n t r e
n e e .re s t n e ig h b o u r d is ta n c e  i n  th e  volume f ox  a  random d i s t r i b u t i o n  ( &
{351I f  th e  r e s u l t s  a r e  p l o t t e d  in  te rm s  o f  t h i s  s p a c in g ,  * F ig .  3 b , th e  shape
o f  th e  cu rve i s  a l t e r e d  t o  i n d ic a te  a  two~stc.ge r e t a r d a t i o n  b e h a v io u r
s im i la r  t o  th a .t r e p o r te d  by D oherty  and M artin  f o r  a lum in ium -copper a l lo y s  
(1,2)
•
I t  sh o u ld  a l s o  be n o te d  t h a t  th e  tim e r e q u ir e d  f o r  50 p e r  cen t 
r e c r y s t a l l i s a t i o n  in  th e  most w id e ly  sp aced  a l l o y  ( = 0*35 m ic ro n s) 
was s i g n i f i c a n t l y  l e s s  th a n  t h a t  f o r  th e  u n a llo y e d  (m a tr ix )  c o p p e r , 
th e  v a lu e  f o r  w hich  has been  in c o rp o ra te d  i n to  F ig .  3 b . Taken in  
c o n ju n c tio n  w ith  th e  r e - e v a lu a t io n  o f  th e  sp a c in g  d a ta  t h i s  s u g g e s ts  
t h a t  th e s e  a l lo y s  a c t u a l l y  fo llo w e d  a  th r e e - s t a g e  a c c e l e r a t i o n  and  
r e t a r d a t i o n  sequence as a. f u n c t io n  o f d e c re a s in g  i n t e r - p a r  t i d e  s p a c in g s  
in  th e  manner d e s c r ib e d  by Mould end  C o t t e r i l l  a l th o u g h  t h i s  i s  n o t 
in d ic a te d  by Humphreys and  M artin*s o r ig i n a l  p r e s e n ta t io n  o f  t h e i r  . 
r e s u l t s .
The r e - e v a lu a te d  i n t e r - p a r  t i d e  spa.cing a t  w hich th e  r e t a r d a t i o n  
p ro c e ss  i s  i n t e n s i f i e d  ( i . e .  i n  th e  M o u ld -C o tte r i l l  h y p o th e s is )  i s  
a p p ro x im a te ly  0 .2  m ic ro n s , w h i l s t  th e  r e p o r te d  d e fo rm a tio n  c e l l  d ia m e te r  
f o r  th e s e  a l lo y s  i s  a p p ro x im a te ly  0 .3  m ic ro n s . U n fo r tu n a te ly ,  i t  i s  n o t 
p o s s ib le  to  ev a .iu a te  th e  sp ac in g  a t  w hich th e  change from  a c c e l e r a t e d  to  
r e ta r d e d  r e c r y s t a l l i s a t i o n  would have o c c u rre d  ( i . e .  i n  th e  M ould- 
C o t t e r i l l  h y p o th e s is )  owing t o  th e  absen ce  o f d a ta  a t  w ide s p a c in g s .
I t  i s  th e r e f o r e  su g g e s te d  t h a t  th e  a b o v e - re -a s se s sm e n t o f  p u b l is h e d  
d a ta ,  i n  a l lo y s  c o n ta in in g  i n t e r - m e t a l l i c  and ce ram ic  p a r t i c l e s ,  
in d ic a te s  t h a t  th e  fo rm  o f  th e  e v a lu a t io n  o f  th e  i n t e r - p a r  t i d e  sp a c in g
can  have a  s ig n 5 -f le a n t e f f e c t  on th e  p o s s ib le  i n t e r p r e t a t i o n  o f  
e x p e r im e n ta l d a ta  i n  d i s p e r s io n  a l l o y s ,  and  a l s o  t h a t  i t  co n firm s  th e  
b a s ic  fo rm  o f  th e  M o u ld -C o tte r i l l  h y p o th e s is  w hich makes no a ssu m p tio n s  
c o n ce rn in g  th e  n a tu r e  o f  e i t h e r  th e  a l l o y  m a tr ix  o r th e  d is p e r s e d  
p a r t i c l e s  e x c e p t t h a t  th e  p a r t i c l e s  s h o u ld  be r e l a t i v e l y  u n d efo rm ab le  
com pared t o  th e  m a tr ix ,
^ *2 D is p e rs io n  s tr e n g th e n in g
In  th e  e a r ly  w ork on th e  m ech an ica l p r o p e r t i e s  o f  s t e e l s  Gensamer 
e t  a l - ^ ^  o b ta in e d  a  l in e a .r  r e l a t i o n s h i p  betw een  th e  0 , 2% p r o o f  s t r e s s
and  th e  lo g a r ith m  o f  th e  i n t e r - p a r t i c l e  mean f r e e  p a th  i n  th e  f e r r i t e .
(37)T h is  h as  s in c e  been  co n firm ed  by s e v e r a l  w o rk ers  ( e .g .  R o b e r ts  e t  a l  9
and T u rk a lo  r.nd L ow ^8 ^. However, th e r e  has been  no s a t i s f a c t o r y
t h e o r e t i c a l  i n t e r p r e t a t i o n  o f t h i s  e m p ir ic a l  r e l a t i o n s h i p .
C u rre n t th e o r ie s  a t t r i b u t e  th e  s t r e n g th  o f  d i s p e r s io n  a l l o y s  t o
th e  in f lu e n c e  o f th e  p a r t i c l e s  on th e  movement o f  d i s lo c a t io n s  a lo n g  th e
(39)
s l i p  p la n e .  For exam ple, th e  w id e ly  a c c e p te d  th e o ry  o f O rowanv , f o r  
s t r e n g th e n in g  by r e l a t i v e l y  undeform ab le  d is p e r s e d  p a r t i c l e s ,  s u g g e s ts  
t h a t  th e  y i e l d  s t r e s s  o f  a  d is p e r s io n  a l lo y  i s  d e te rm in e d  by th e  s t r e s s  
w hich i s  r e q u i r e d  t o  bow o u t a  d i s lo c a t i o n  betw een  p a r t i c l e s :  t h u s : -
1................................................ .................. . . ( 4 2 )a m i  
w here o*  ^ i s  th e  t e n s i l e  y i e l d  s t r e s s  o f  th e  a l l o y ,  . a  i s  th e  t e n s i l e  
y i e l d  s t r e s s  o f  th e  m r.trix  p h a s e , G i s  th e  s h e a r  m odulus o f  th e  m a tr ix  
p h a s e , b i s  th e  B urgers v e c to r  o f  th e  g l id e  d i s l o c a t i o n s ,  a  i s  a  f a c t o r  
a s s o c ia te d  w ith  th e  g l id e  d i s lo c a t io n  l i n e  t e n s io n ,  and  1 i s  th e  i n t e r -  
p a r t i c l e  s p a c in g .
The p ro d u c t 4 G b a can  be d e te rm in ed  e x p e r im e n ta l ly  as  th e  s lo p e  
o f  th e  l i n e  r e l a t i n g  th e  t e n s i l e  y i e l d  s t r e s s  o f  th e  a l l o y  t o  th e  
r e c ip r o c a l  o f th e  i n t e r - p a r t i c l e  s p a c in g , w h i l s t  th e  i n t e r c e p t  o f  such  
a  l in e  on th e  s t r e s s  a x is  r e p r e s e n ts  th e  b a s ic  y i e l d  s t r e s s  o f  th e
Akiy*
matrix phase alone.
I t  i s  g e n e r a l ly  ag reed  t h a t  in  t h i s  s i t u a t i o n  th e  p r o p e r ty -
c o n t r o l l i n g  sp a c in g  i s  th e  d is ta n c e  betw een th e  s u r f a c e s  o f  th e
p e a r t ic le s  on th e  s l i p  p la n e ,  and th e r e  has been  much d is c u s s io n
a.s t o  how t h i s  sp a c in g  sh o u ld  be ev a lu a ted '*  ° ° I t  was i n  t h i s
c o n te x t t h a t  th e  s q u a re  l a t t i c e  fo rm u la  (e q u a tio n  33) was t r e a t e d  by 
(19)Brown and Ham' a s  b e in g  th e  p la n a r  an a lo g u e  o f a  s im p l i f i e d  p a r t i c l e
(19 AQ /-I)d i s t r ib u t io n *  T h is  le d  to  th e  developm ent o f  th e  v a r io u s  f o r m u l a e ? ~ ? ~
f o r  th e  e d g e - to -e d g e  n e a r e s t  n e ig h b o u r d is ta n c e  betw een  p a r t i c l e s  d is t r ib u te d
i n  a  c u b ic  a r r a y  ( i . e .  ^^(CL)^9
• S e v e ra l  w o rk ers  have r e p o r te d  a  l i n e a r  r e l a t i o n s h i p  betw een  th e
d is p e r s io n  s tr e n g th e n in g  in crem en t and  tlie  r e c i p r o c a l  o f  t h i s  p a r t i c u l a r
sp a c in g  ( i . e .  1/1 . . ) ,  and th e re b y  g iv e n  s u p p o rt to  th e  g e n e r a l  fo rm
3 ( ~ w ~ * . ■
(19 20 J-2 A3)o f  th e  Orowan r e l a t i o n s h i p  in  a  w ide v a r i e ty  o f  a l l o y s '  s 9 ~ 9-~ ,
a lth o u g h  th e  e x te n t  o f  th e  agreem ent betw een th e  exper im e n ta l  and
t h e o r e t i c a l  v a lu e s  o f  th e  s lo p e  o f  such  l i n e s  v a r i e s  a p p re c ia b ly *  For 
(19)exam ple , T y so n ' made a  r e - e v a lu a t io n  o f  th e  com bined data, o r i g i n a l l y  
p u b lis h e d  by R o b e rts  e t  a l ^ ^  and T u rk a lo  and  L o w ^ ^  and fo u n d  a  
l i n e a r  r e l a t i o n s h i p  betw een th e  y i e ld  s t r e s s  and  1/ 1_ . . h av in g  a3 ( Civ)
s lo p e  o f  0*363 l b .  p e r  i n * ,  a s  com pared w ith  a  t h e o r e t i c a l  v a lu e  ( fo r
4 G b  a )  o f  0 .3 2 0  l b .  p e r  i n . ,  in  s t e e l s .  In  c o n t r a s t  tb t h i s  P ra sa d  e t  a l  
(4-3)'  \ o b ta in e d  an experim enta^l v a lu e  f o r  such  a  s lo p e  w hich was f i v e  tim e s
l a r g e r  th a n  th e  t h e o r e t i c a l  v a lu e  when u s in g  th e  same c u b ic  d i s t r i b u t i o n  
e v a lu a t io n  f o r  a  s e r i e s  o f  n lc k e 1- z i r o n i a  a l l o y s <
However, i t  sh o u ld  be a p p re c ia te d  t h a t  th e  above sp a c in g  e v a lu a t io n  
^ 3 (CL)^ r e 3 a ies n° i  o n ly  to  a  s p e c i f i c  (c u b ic )  ty p e  o f  p a r t i c l e  d i s t r i b u t i o n  
b u t  a l s o  s o le l y  t o  th e  n e a r e s t  n e ig h b o u r d i s ta n c e  on p la n e s  c o r re s p o n d in g  
t o  th e  f a n e s  o f  th e  u n i t  d i s t r i b u t i o n  cube , and  n o t to  th e  mean n e a r e s t  
n e ig h b o u r d i s ta n c e  on p la n e s  ta k e n  random ly w i th in  th e  s t r u c t u r e .  In
A29.
g e n e r a l ,  th e r e  i s  l i t t l e  ev id en ce  to  su g g e s t e i t h e r  t h a t  th e  p a r t i c l e  
d i s t r u b u t io n  in  t y p i c a l  d is p e r s io n - s tr e n g th e n e d  a .Iloys i s  c u b ic  (as 
d i s t i n c t  from  random ), o r  th a t  th e  d i s t r i b u t i o n  on a  s l i p  p la n e  i s  
s p e c i f i c a l l y  d i f f e r e n t  from  t h a t  on any o th e r  random ly s e le c t e d  p la n e .
H ence, i t  w ould seem re a s o n a b le  to  su g g e s t t h a t  i f  a  p la n a r  s p a c in g  i s  
to  be u sed  f o r  th e  i n t e r p r e t a t i o n  o f  d is p e r s io n - s t r e n g th e n in g  d a ta  i t  
sh o u ld  be e v a lu a te d  a s  th e  mean e d g e - to -e d g e  n e a r e s t  n e ig h b o u r d is ta n c e  
ba,sed on th e  a ssu m p tio n  o f  a random p a r t i c l e  d i s t r i b u t i o n  ( i . e .  Z^)  •
I t  has  b een  shown e a r l i e r  t h a t  i n  th e  c a se  o f  th e  c e n t r e - to - -  
c e n t r e  n e a r e s t  n e ig h b o u r d is ta n c e  th e  assu m p tio n  o f  a  random p a r t i c l e  . 
d i s t r i b u t i o n  le a d s  to  a  V alue w hich i s  e x a c t ly  h a l f  t h a t  c a l c u l a t e d  
on th e  a ssu m p tio n  o f  a  c u b ic  a r r a y  ( e «g . compare e q u a tio n s  (12) and  ( 3 3 ) ,  
o r  s e e  d a ta  in  T ab le  1 and F i g . l . ) .  W ith in  th e  l i m i t s  o f  no rm al e x p e r i ­
m en ta l e r r o r  th e  same r a t i o  a l s o  a p p l ie s  to  th e  c o rre sp o n d in g  e d g e - to -
(12 )edge d is ta n c e s  c a l c u la te d  on th e  b a s i s  o f  th e  e q u a tio n s  due to  H e r t z ' *
(o r C handraseld iar^^  ^) and T y s o n r e s p e c t i v e l y , f o r  p a r t i c l e
-3volume f r a c t i o n s  l e s s  th a n  10 ( i . e .  f o r  t y p i c a l  d i s p e r s io n  s tr e n g th e n e d
a l l o y s ) * .  H ence, e x p e r im e n ta l d a ta  w hich shows a  l i n e a r  r e l a t i o n s h i p  
betw een th e  y i e l d  s t r e s s  and  th e  r e c ip r o c a l  o f  th e  i n t e r - p a r t i c l e  sp a c in g  
e v a lu a te d  on th e  assu m p tio n  o f  a  c u b ic  d i s t r i b u t i o n  w i l l  a l s o  do so  i f  th e  
sp a c in g  i s  c a lc u la t e d  on th e  assu m p tio n  o f  a  random d i s t r i b u t i o n .  H owever,
i n  th e  l a t t e r  ca.se th e  s lo p e  o f  th e  cu rve  w i l l  be h a l f  t h a t  i n  th e  fo rm er
c a s e j  w hich w i l l  be  o f  s ig n i f ic a n c e  in  th e  p r e c i s e  i n t e r p r e t a t i o n  o f  th e  
d i s l o c a t i o n  phenomena w hich a r e  in v o lv e d  i n  th e  s tr e n g th e n in g  m echanism . For
^F o o tn o te  The c u b ic  d i s t r i b u t i o n  fo rm u la  s u b t r a c t s  "rtr/2  from  th e  c e n t r e -  
to - c e n t r e  n e a r e s t  n e ig h b o u r d i s ta n c e  in  o rd e r  to  a r r i v e  a t  th e  e d g e - to -e d g e  
v a lu e ,  w hereas th e  s u b tr a c te d  te rm  sh o u ld  be 2r  s in c e  th e  l a t t e r  d i s ta n c e  
i s  m easured a lo n g  th e  l i n e  o f th e  p a r t i c l e  c e n t r e s .  However, th e  
d i f f e r e n c e  betw een th e s e  two te rm s i s  o f  th e  o rd e r  o f -0 . 1/j o f  th e
c a lc u la te d  n e a r e s t  n e ig h b o u r d is ta n c e  f o r  t y p i c a l  d is p e r s io n - s t r e n g th e n e d  a l l o y 0
-3The l im i t in g  pan t i d e  volume f r a c t i o n  v a lu e  (10 ) a r i s e s  s in c e
f o r  g r e a te r  p a r t i c l e  c o n te n ts  th e  c a lc u la t e d  v a lu e  o f  th e  e d g e - to -e d g e  
d is ta n c e  ap p ro ach es  z e r o ,  on th e  a ssu m p tio n  o f  a  c u b ic  a rra .y , b u t  does 
n o t do so  on th e  assu m p tio n  o f  a  random a r r a y  (see  F i g . l . ) .
exam ple , in  t h i s  c a se  Tyson*s r e - e v a lu a t io n  o f  th e  d a ta  f o x  s t e e l s  w ould 
have a s lo p e  w hich i s  0 .5 7  tim es th e  t h e o r e t i c a l  v a lu e ,  w h i l s t  th e  
c o rre sp o n d in g  r a t i o  f o r  Pras&ds n i c k e l - z i r c o n ia  a l lo y s  w ould be 
a p p ro x im a te ly  2.1 *
( 12)F i n a l l y ,  i t  sh o u ld  be n o te d  t h a t  th e  fo rm u lae  g iv en  by H e r tz ' '
(13)and C handrasekhar' ' f o r  th e  c e n t r e - to - c e n t r e  n e a r e s t  n e ig h b o u r d i s ta n c e  
on  a  p la n e  ( i . e .  e q u a tio n s  (12), (14)a n d (16) w ere o r i g i n a l l y  d e r iv e d  f o r  th e  
d is ta n c e  betw een random ly d i s t r i b u t e d  p o i n t s ,  w hich w ere ta k e n  to  r e p r e s e n t  
th e  c e n t r e s  o f  d is p e r s e d  p a r t i c l e s .  H ence, th e y  r e l a t e  to  th e  d i s ta n c e  
betw een  th e  c e n t r e s  o f  p a i r s  o f  p a r t i c l e s  th e  c e n t r e s  o f  w hich b o th  l i e  
on th e  p la n e  o f  e v a lu a t io n :  and i t  fo llo w s  t h a t  th e  fo rm u lae  f o r  th e  
c o rre sp o n d in g  e d g e - to -e d g e  d is ta n c e s  ( i . e .  2^ in  e q u a tio n  (20) r e l a t e  t o  th e  
same p a i r  o f  p a r t i c l e s „ However, i n  a  random p a r t i c l e  d i s t r i b u t i o n  th e r e  
w i l l  g e n e r a l ly  be  o th e r  c lo s e r  p a r t i c l e s  w hich i n t e r s e c t  th e  r e f e r e n c e  p la n e  
b u t w hich h av e  t k e i r  c e n t r e s  o f f  t h i s  p la n e .  Such p a r t i c l e s  w i l l  n o t  be 
ta k e n  i n to  acco u n t in  th e  e v a lu a t io n  o f  th e  p la n a r  n e a r e s t  n e ig h b o u r 
d is ta n c e  on th e  b a s i s  o f  th e  a ssu m p tio n  o f  p o in t - p a r  t i d e s  ( i . e . A ^  o r  2 ) 
y e t  t h e i r  p re se n c e  w i l l  have c o n s id e ra b le  r e le v a n c e  to  th e  p a ssa g e  o f  
d i s lo c a t io n s  a lo n g  th e  r e fe r e n c e  p la n e .
T h is  i s  i l l u s t r a t e d  in  F i g .4 ,  w hich shows thaat p a r t i c l e s  ly in g  
w h o lly  o u ts id e  th e  r e f e r e n c e  p la n e  w i l l  n o t i n t e r f e r e  w ith  th e  p a s sa g e  
o f  a  d i s lo c a t i o n  on t h a t  p la n e .  H ence, th e  r e l e v a n t  d is ta n c e  w i l l  be 
th e  d is ta n c e  betw een th e  edges o f  th e  n e a r e s t  n e ig h b o u rs  w hich a c t u a l l y  
i n t e r c e p t  th e  p la n e  ( i . e .  2 2 /B A )^ n ca se  °*^  sp h ericcv l p a r t i c l e s .
T h is  w i l l ,  in  g e n e r a l ,  be le s s  th a n  th e  p la n a r  n e a r e s t  n e ig h b o u r d i s t a n c e  
e v a lu a te d  on th e  b a s i s  o f  p o in t  p a r t i c l e s  ( i . e .  by e q u a tio n  ££>)but 
g r e a te r  th a n  th a t  in  m e volume a s  a  w hole s in c e  th e  l a t t e r  w i l l  in c lu d e  
p a r t i c l e s  w hich care c lo s e r  to  th e  r e f e r e n c e  p a r t i c l e  b u t  w hich do n o t 
i n t e r s e c t  th e  r e f e r e n c e  p la n e . However, r e f e r e n c e  to  T a b le  1 and  
F i g .2 r e v e a l s  a  p a ra d o x ica l s i t u a t i o n  in  t h a t  e v a lu a te d  ^ ( b/n) s Pa c ^n9 s
te n d  to  be l a r g e r  th a n  th o se  o f  2^* T h is  i s  p ro b a b ly  a  r e f l e c t i o n  o f  th e  
e r r o r s  t h a t  a r i s e  in  th e  a p p l i c a t io n  o f  th e  p o in t - p a r  t i d e  c a l c u l a t i o n  to  
f i n i t e - s i z e d  p a r t i c l e s ,  eqn .(L6^ and  w hich i s  d is c u s s e d  i n  s e c t io n  2 , 2 * 2 ,
4* CONCLUSIONS
4*1 Com parison o f  Form ulae
I t  h as  been  shown th a t  fo rm u lae  b ased  on th e  a ssu m p tio n  o f  a  random  
d i s t r i b u t i o n  o f  p c . r t i c le s  and fo rm u lae  b ased  on th e  a ssu m p tio n  o f  u n ifo rm  
d i s t r i b u t i o n s  le a d  t o  c h a r a c t e r i s t i c a l l y  d i f f e r e n t  v a lu e s  o f  th e  c a l c u l a t e d  
i n t e r p a r t i c l e  sp a c in g  f o r  any g iv e n  a l l o y .  In  p a r t i c u l a r  th e  fo llo w in g  
c o n c lu s io n s  a r e  drawn
a )  The e v a lu a te d  Mean F re e  P a th  i s  alw ays c o n s id e ra b ly  g r e a t e r  
th a n  th e  e v a lu a te d  N e a re s t N eighbour D is ta n c e s  in  any s t r u c tu r e *
b )  The mean N e a re s t N eighbour D is ta n c e  in  a p la n e ,  » •*-s 
g r e a te r  th a n  t h a t  in  th e  volum e, , by a  f a c t o r  w hich d e c re a s e s  a s  th e
p a r t i c l e  volume f r a c t i o n  in c re a s e s *
c )  The S haw .et a l  a n a l y s i s ,  w hich  i s  b ased  on th e  a ssu m p tio n  o f 
a  unifopm  p a r t i c l e  d i s t r i b u t i o n ,  le a d s  t o  e v a lu a te d  N e a re s t N eighbour 
D is ta n c e s  in  a volume w hich a r e  2 .2 4  tim es  l a r g e r  th a n  th o s e  c a l c u l a t e d  
on  th e  b a s i s  o f  a  random d i s t r i b u t i o n  ( ^ ) *
d )  The a ssu m p tio n  o f  a  c u b ic  d i s t r i b u t i o n  o f  p a r t i c l e s  le a d s  t o  
e v a lu a te d  N e a re s t N eighbour D is ta n c e s  w hich  a r e  tw ice  a s  l a r g e  a s  th o s e  
c a l c u l a t e d  f o r  p la n e  s e c t io n s  in  a  random p a r t i c l e  d i s t r i b u t i o n  (£*>)•
4 .2  C hoice o f  Form ulae
The p r o p e r t i e s  o f d i s p e r s io n  a l lo y s  s h o u ld  be i n t e r p r e t e d  in  te rm s  
o f  th e  a p p r o p r ia te  i n t e r p a r t i c l e  s p a c in g s ;  th e  e v a lu a t io n  o f  th e  l a t t e r  
sh o u ld  be  made on th e  b a s is  o f  p a r t i c l e  d i s t r i b u t io n s  t h a t  a r e  i n  harmony 
w ith  th e  o b se rv ed  m ic r o s t r u c tu r e s .  In  g o ...a ra l, random d i s t r i b u t i o n s  
a r e  n o rm a lly  o b se rv e d  and th e r e f o r e  th e  N e a re s t N eighbour D is ta n c e  
fo rm u lae  d e r iv e d  by H e r ts  and C h a n d r a s e k h a r w i l l  be u s e d , 
e x c e p t w here th e  p a r t i c l e s  a r e  s p h e r i c a l .  In  t h i s  l a t t e r  c a se  th e
(17)d e r iv a t io n s  o f  B ansa1 and A r d e l l '  '  a re  more a c c u ra te , 
4 .2 .1 ,  R e c r v s t a l l i s a t i o n  S tu d ie s
I t  h as  been  concluded  in  S e c tio n  3 ,1  t h a t  th e  N e a re s t N eighbour 
D is ta n c e  i n  a  volum e, c e n t r e - t o - c e n t r e , o r  ^  (BA)) mosi:
r e le v a n t  sp a c in g  p a ra m e te r .
4*2 .2  D is p e rs io n  S tre n g th e n in g  S tu d ie s
I n t e r p r e t a t i o n  o f  d i s p e r s io n  s tr e n g th e n in g  in  te rm s o f d i s l o c a t i o n  
mechanisms (S e c tio n  3 . 2 )  le a d s  t o  th e  c o n c lu s io n  t h a t  th e  p la n a r  e d g e - to -  
edge N e a re s t N eighbour D is ta n c e  (2^ o r  2aos'*: sp a c in g
p a ra m e te r .
4 ,3  D isp e rse d -p h a se  R e c r v s t a l l i s a t i o n
(1 3 3 3 \' T h e  re ~ e v a lu a .tio n  o f  p u b lis h e d  d a t a '  9 9  ' i n  term s o f  th e  
a p p r o p r ia te  i n t e r p a r t i c l e  sp a c in g s  ( c a lc u la te d  on th e  b a s is  o f  a  random 
p a r t i c l e  d i s t r i b u t i o n )  i s  shown ( s e c t io n  3 .1 )  to  s u p p o rt th e  lio u ld -  
C o t t e r i l l  h y p o th e s is  and in d ic a te s  t h a t  th e  c r i t i c a l  sp a c in g s  a r e  more 
in  a c c o rd  w ith  p r e d ic te d  v a lu e s  compared to  th o se  o f  th e  o r i g i n a l  
e v a lu a t io n s .
TABLE X Values of Interparticle Spacings for a Typical Range of Dispersion
Data R esulting from the Use o f  Standard Formulae 
N.B. P a r t ic le s  are assumed to be sp h er ica l ,  Radii and Spacing va lues  are in  microns
(a) Edge-to-edge Spacings:
.. ........................... V
MEAN FREE PATH NEAREST NEIGHBOUR DISTANCE
Character:- in  a volume or on a plane on any plane in t h e :volume '
P a r t ic le
D is tr ib u t io n Random Uniform Random Random Random Random Cubic
Volume P a r t ic le Fullman^ Shaw^ H ertz^ Bansal Hertz^Z Bansal 19Tyson
Fraction Radius (e q .10) (eq .2 $ (eq. 20 ) (eq. 22) (eq. 19 ) (eq .21 ) (eq. 37)
Fv • r > ^ 3 ( S ) Z2 Z2(BA) Z3 Z3(BA) Z3(CL)
0.0001 0.1 1,333 1,795 7.0 7.0 1.7 1 .7 14.3
0 .5 6,666 8,796 35.2 35.2 8.6 8 .6 71.6
1 .0 13,332 17,951 70.4 70.4 17.2 17.2 143.1
2 .0 26,664 35,908 140.7 140.7 34.5 34.5 286.3
0.001 0.1 133.2 199.5 2.1 2.1 0.69 0 .70 4 .4
0 .5 666.0 997.5 10.5 10.7 3.5 3.5 22.1
1.0 1,332 1,986 20.9 21.4 6.9 7 .0 .4 4 .2
2 .0 2,664 3,975 41.8 42.8 13.9 14.0 88.4
0.005 0.1 26.5 40.0 0 .82 0.89 0.32 0.34 1.9
0 .5 132.7 199.9 4 .1 4 .4 1.6 1.7 9 .4
1.0 265.4 399.7 8.2 8.9 3 .2 3 .4 18.9
2 .0 530.8 799.4 16.5 17.7 6 .4 6 .8 37.8
0.010 0.1 13.2 19.7 0 .52 0.59 0.21 0 .24 1 .3
0 .5 66.0 98.7 2.6 3 .0 1.1 1.2 6 .5
1.0 132.0 197.4 5 .2 5.9 2.2 2 .4 12.9
2.0 264.0 | 394.8 10.5 11.8 4 .3 4 .7 25.8
0.050 0.1 2 .5 ! 3 .8 0.12 0.21 0.06 0.09
i
! 0 .5
0 .5 12.7 18.8 0 .62 1.1 0.31 0.45 2.5
1.0 25.3 37.6 1.2 2.1 0.61 0 .90 4.9
2.0 50.7 75.2 2 .5 4 .3 1.2 1 .8 1 9 .8  i
| _ ___
0.100 0.1 1.2 | 1 .8 0.03 0.13 0 0 .06
k
j 0 .3
0 .5 6 .0 9 .0 0.14 0.66 o 0 .28 1 .5
1 .0 12.0 1 18.0 0.29 1.3 0 0 .55 3 .0
2.0 24.0 j 35.9 0 .58 2.6 0 j 1.1 s 6 .0
Centre-to-'Centre D istances
i--------
NEAREST NEIGHBOUR DISTANCE
Character J on a plane in  the volume
P a r t ic le
D is tr ib u t io n
'
Random Random
1
Random j 
i
Random
i
Uniform Cubic
Volume P a r t ic le Hertz*^ Bansal 12Hertz Bansal Shaw4 19Tyson
Fraction Radius, (eq.14) (eq.X8) (eq„13) (eq ,I7 ) (eq .30) (eq.36)
F
V
r a 2 ^2 (BA) <3
<1
^ 3 (S ) A 3(CL) j
0.0001 0 .1 ! 7 .2 7.2 1.9 1.9 4 .3 14.5 j  
72.4 j0 .5 ! 36.2 36.2 9 .6 9.6 21.5
1 .0 1 72*4 72.4 19.2 19.2 43.1 144.7
2 .0 144.7
i . . .  . .  ..
144.7 38.5 38.5 86.2 289.4
0.001 0.1 2.3 2 .3 0.89 0.90 2.0 4 .6  !
0 .5 11.5 11.7 4 .5 4 .5 10.0 22.9
1 .0 22.9 23.4 8.9 9 .0 20.0 45.8
2 .0 45.8 46.8 17.9 18.0 40 .0 91.6
0.005 0.1 1 .0 1.1 0.52 0.54 1.2 2.1
0 .5 5.1 5.4 2.6 2.7 5.9 10.2
1 .0 10.2 10.9 5 .2 5.4 11.7 20.5
2 .0 20.5 21.7 10.4 10.8 23.4 40.9
0.010 0.1 0.72 0.79 0.41 0.44 0 .93 1.5
0 .5 3.6 4 .0 2.1 2.2 4 .6 7 .2
1.0 7.2 7.9 4 .1 4.4 9 .3 14.5
2 .0 14.5 15.8 8 .3 8.7 18.6 28.9
0.050 0 .1 0.32 0.41 0.26 0.29 0 .5 4 0 .65
0 .5 1.6 2.1 1.3 1.5 2.7 3.2
1.0 3.2 4 .1 2.6 2.9 5.4 6.5
2 .0 6 .5 8 .3 5.2 5 .8 10.9 12.9
0.100 0.1 0 .23 0 .33 0.19
j
0.26 0 .43 0 .46
0 .5 1.1 1.7 0 .96 1.3 2.2 2 .3
1.0 2.3 3.3 1.9 2.6 | 4 .3 4 .6
2 .0 4 .6
4 .........
6.6  
■ I, I-I,
3.9 5.1 j 8 .6 9.2*
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(a) Original Data (Humphreys and Martin 33,1966 )
(b) Re-evaluated Data ( Corti and Cotterill 35, 1972 )
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Fig. 4 Schematic Representation of Nearest Neighbour 
Distances in a Volume and on a Plane
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